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ON CS-SEMIDEVELOPABLE SPACES 


SUNG Ryonc Yoo 


0. Instruction 


In this paper cs-semidevelopable spaces are defined and 
shown to be the same as the semimetrizable spaces. 
Strongly cs-semidevelopable space are defined in a natural 
way and proved to coincide with an important class of 
semi-metric space, namely those in which “Cauchy sequ- 
ence suffice”. These space are shown to possess a few 
other interesting properties. Probably the most signific- 
ant of these are that a space X is a cf-semistratifiable 
wA-space if and only if it is cs-semidevelopable and that 
the image of a cs-semidevelopable space under a contin- 
uous pseudo open is cs-semidevelopable. 


1. Cs-semidevelopable spaces 


DEFINITION 1.1. (D1). A development for a space X is a 
sequeuce 
4= {g,|2EN} 
of open covers of X such that {st(x, g )| ~@N} is a local 
base at x, for each x&ÆX. A space is developable if and 
only if there exists a development for the space, 


DEFINITION 1.2. Let 4={g,| ~G@N} be a sequence of 
(not necessarily open) convers of space X, 
(D2). 4 is a semidevelopment for X if and only if, for 


each x&X, {st(x,g,)7€N} is a local system of neighbor- 
hoods at xCC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


2 SUNG Ryonc Yoo 


(D3). A semidevelopment of X is a strong-semidevelop- 
ment if and only if for each MCX and x©M™ there exists 
a descending sequence {G,|7@N} such that YG R, and 
GATIME d. 

(D4). A semidevelopment 4 for X is a point-finite 
semidevelopment if and only if for each x@X and for 
each positive integer ,x is contained in only a finite 
number of sets in g,. 


(D5). A semidevelopment 4 for X is a cs-semidevelop- 
ment if and only if for each convergent sequence %,—% 
and for each open subset U containing x&X, there is a 
positive integer k such that x© st(x,g,)CU and (<x,) is 
eventually in st(x, g;). 


A space is called semidevelopable if and only if there 
exists a semidevelopment for X. Similarly, X is called 
strongly (and/or point finite) semidevelopable if there 
exists a strong (and/or point-finite) semidevelopment for 
X. 

Finally, a space X is called cs-semidevelopable if and 
only if there exists a cs-semidevelopment for X, Simil- 
arly that X is called strongly (and/or point-finite) cs- 
semidevelopable if and only if there exists a strong (and/ 
or point-finite) cs-semidevelopment for X. 


Proposition 1.3. In order that a sequence 4={g,| 
NEN} of cover of a space X be a cs-semidevelopment it 
is necessary and sufficient that for each MCX and Y M 
there exists a sequence {G,|~@N} such that 


xEG,€g, and G,\MA~¢ 


CC-0, In,Public Domain. Gurukul Kangri Collection, Hand 
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For late use, we note that every (point-finite and/or 
strongly) cs-semidevelopable space has a (poin-finite and/ 
or strong) cs-semidevelopment {g,|~—N} having the pro- 
perty that g,ii<g, for each positive integer GZ N, Hence, 
whenever the existence of a cs-semidevelopment is assu- 
med in a theorem. We may assume that it has the pro- 
perty mentioned above cs-semidevelopments having this 
property shall be called refining cs-semidevelopments. 


Derinition 1.4. A metric ona space X is a function 
ai 

Xx X—R (real numbers) satisfying the following cond- 
itions: 

For each x,y, zÆ&X and 64AMCX, 

Dda —0 

(2) d(x, y)>0 if YV 

(3) d(x, 9) =d(y, x) 

(4) d(x, z)<d(x, y)+d(y, 2) 

(5) x&M if and only if d(x, M)=inf{d(x, m)|mEM}=0 

DEFINITION 1.5. A semi-metric on a space X is a 
function d: XX X—>R satisfying conditions (1), (2), (3) and 
(5) above. By a (semi-) metric space we mean a space X 
together with a specific (semi-) metric on X, In this 
paper, whenever the (semi-) metric is not specified it 
will be assumed to be denoted by the letter “d”, the 
sphere about the point x of radius “e” will be denoted 
by S(xie). Note that spheres need not be open that x= 
Int S(xie) if £0. 

lt should be noted that in most of our theorem the To 


property is assumed. This is usually done to insure that 
a _cs-semidévelopable Space KULUS N the previous 
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definition which is satisfied in a semi-metric spaces. 


DEFINITION 1.6. Let (X,d) be a semi-metric space. 
A sequence {x,|2@N} in X is a Cauchy sequence if and 
only if for each e>0 there exists an integer Ny such 
that d(x,,%n)<€ whenever m,n) No. 

Note that because of the lack of the triangle inequality 
not all convergent sequences in a semi-metric space are 
necessarily Cauchy sequences. 


2. Theorems for Cs-semidevelopable spaces 


THEOREM 2.1. A space X is semi-metrizable if and 
only if it is a cs-semidevelopable space. 

Proor. Let 4={g,|7—N} be a refining cs-semidevelop 
ment for the cs-semidevelopable space where, without loss 
of generality, gı= {X}. For x, YES X, let (x,y) be the sma- 
llest integer 2 such that there is nọ element of g, contai- 
ning both x and y.If no such integer exists let (x, y)=00 

Define d: XXX—R as follows. For x, yEX, let d(x, y) 
=2"%)), where 2°°=0. Then clearly, for every x, Y&xX, 
d(x,x)=0 and d(x,y)=d(y,x), Also if xÆy,then, since X 
satisfies(D5) in the previous Definition 1.2., there is an 
open set U containing one of the points, say x but not 
the other. Then there is an integer n such that x@st 
(%,g,)CU. Then yEU implies yEst(x,g,) which implies 
yest(x,g;) for each 7>n. 

It follows that (x, y)<m and hence d(x,y) >27" >0. 

New note that S(x:2-")=st(x,g,) for each x&X and 
each integer n. For y&S(x:2") if and only if d(x,»)< 
2" if and only if (x, y)>m” if and only if there exists 
GEg, such Chal) Byblip Dofir Cum Kanal Poliettiop Hesibiias, g,). Now 
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let MCX. Then XE™ if and only if st(x,g,)QM<¢ for 
each integer ~ if and only if S(*%:2-")) M+4@ for each 
integer ~ if and only if d(x, M)=0 Hence, d is a semi- 
metric on X. 

Conversely, assume that d is a semi-metric on X. 

For each positive integer n, let g, be the collection of 
all sets of diameter less than 1/z. Then for each n, S 
(x:1/n)=st(x,g,). For let y&S(x:1/n). Then G= {x, y} 
Eg, implies yEst(x,g,). On the other hand, let yEst(x, 
gn). Then there is G&g, such that x, y&G, and therefore, 
d(x, y)xdiam G<l1/m thus, y&S(x:1/7). 

Now let U be an open set containing the point x. Then 
there is an integer n such that veZint S(x:1/z)CS(«:1/7) 
CS(*,:1/n) CU. Therefore, xCGInt st(x, g,)Cst(%, g,)Cst 
(x.,g,)CU and <x,) is eventually in st(x,g). Hence 
L-I NT is a cs-semidevelopment for X. 


CoroLrary 2.2. Every cs-semidevelopable space is 7}. 


Proor. Since every cs-semidevelopable space implies To 
semi-developable and moreover Tọ semidevelopable spaces 
succeed Tı-space. 

THEOREM 2.3. In a cs-semidevelopable space the fol- 
lowing conditions are equivalent: 

(1) For each MCX and each xG@M, there exists a des- 
cending sequence of sets {G,|z@N} of arbitrarily small 
diameters such that for each n, xE@G, and xG@G,(\U+¢. 

(2) For each MCX and each xv&M, there exists a Cau- 
chy sequence in M converging to x. 


(3) Every convergent sequence has a Cauchy Subsequ- 
ence CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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Proor. Let d be a Semi-metric on X since every cs- 
semidevelopable space implies a semi-metric space. 

(1) implies(3). Let S={x,|”GN} be a sequence in X 
converging to the point x©X. It x,=x for infinitely 

many ”, then clearly we can define a Cauchy subsequence 
Of S. 

“Otherwise let M= Lel NT {x}. Then x@M implies, 
by (1), that there is a descending sequence of sets (G. 
nÆN} of arbitrarily small diameters such that for each 
n, EG, and GIMS. We now define a subsequence of 
{x,|#EN} inductively. Choose x,,€@Gi{\M. Suppose x,, 
has been chosen for each i=1,2, k—1, such that x, SEG: 
QM and 2;>7;.;. Now observe that G,{)M is infinite. 

For suppose not: say GTM Ld, rees am}. Then there 
exists n,>K such that diam G, <min{d(x,a@;)|i=1,2, m} 
Clearly a;@G,, for each=1,2,---, m. But then M\G,,CM 
NG:= Lé, ---an} 
implies MCG, =¢, which is a contradiction. 

Hence we can choose %n,&G,(.)M such that 2,>,.). Thus 
we have defined a subsequence {x,,|kEN} of S which is 
Cauchy. For let e>0 be given. Them there is an integer 
No such that diam Gy <e. For i j>Noọ We then have 
Xn EGC Gr, and Xn; G;CGy,. 

Thus A(%n i» %n,)<diam Gy,<e. 

(3) implies(2): Assume MCX and x&M. Since X is 
first countable there is a sequence {x,|~@N} in M which 
converges to x. 

By (3), this sequence has a Cauchy subsequence {<l 
kEN}. 

Then {x,, |KEEN PislcPoGauehyu! Sergi enie HaiWWarconverging 
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tO %. 

(2) implies (1): Let MCX and assume vcz M. Then, by 
(2), there is a Cauchy sequence {x,|z@N} in M which 
converges to x. For each n, let G,={x,;|é>u}U {x}. Then 
LG IES NT is a descending sequence of sets of arbitrarily 
small diameters such that for each n, x&G, and G,Q 
AM d. 

DEFINITION 2.4. A space X is strongly semi-metriza- 
ble if and only if.a semi-metric satisfying any one of 
the conditions of the previous theorem can be realized on 
Xie 


Such a semi-metric is called a strong semi-metric. 


THEOREM 2.5. A space X is strongly semi-metrizable 
if and only if it is a strongly cs-semidevelopable space. 


Proor, Let d be a strong semi-metric for X then, by 
Theorem 2,3 d satis fying condition (1). Now consider 
the cs-semidevelopment defined in Theorem 2.1. 

By the definition of 4, and the fact that d satisfies 
the condition (1), it follows immediately that 4, isa 
strong cs-semidevelopment, Conversely, let 4={g,|mEN} 
be a refining strong cs-semidevelopment for X. Let d, 
be the semi-metric on X as defined in Theorem 2.1. 
Observe that with this semi-metric, diam G2" for each 
GEg, and aez N, Thus it follows the definition of a strong 
semi-development that d, satisfies condition (1) of the 
previous theorem and hence all of the conditions. 


DeFINITION 2.6. A space X as a wd-space if and only 
if there is a sequence {g,|~@N} of open cover of X such 
that, for e&@B ImRaDlidDomaf. Gyu Kati olliectipn, forwyEN then the 
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Such a sequence of 


sequence (x,) has a cluster point. 
for X. 


Open covers is called a w4-sequence 
A space X is a cf-semistratifiable w4- 
s-semidevelopable. 


THEOREM 2. 7. 
space if and only if it is c 
Proor, Let F be a cf-semistratification for a space X, 
and let 4={g,|7GN} is a w4-sequence for the space X. 
We can take a st(x,g,) such that st(x, 8a) CACEF(k, U), 

Where A, is an element of any filterbase in X. 

Since from definition of filterbase, gn+1 is an open ref- 
inement of g, for all n. Thus {st(x,g,)|"EN} is a local 
system of neighborhood at x, therefore {g,|7@N} is a 
semidevelopment for X and moreover, there is a conver- 
gent sequence (x,) is the space X since X is a wd-space, 
there is a positive KEN such that xC@st(x,g,) and x,€st 
(x, g,)CU, for all nEN. 

Hence the semidevelopable space implies a cs-semidev- 
elopable space as desired. 

Conversely, let {H,| nEN} be an open covers of X, and 
let w= {A,|ac} be a convergent filter base for X. For 


each positive integer n, let 2=(GIG=(NH)AN Azi), 
HEH, AE?) s ; 

then {g,|”&N} is a cs-semidevelopment for X. To show 
that {g,|”=N} is a w4-sequence with a cf-semistratific— 
ation for X. We can choose a neighborhood U(x) of x 
such that x@st(x,g,)CU(x). Since {gn |2EN} is a semid- 
evelopment for X, and choose a sequence (*,) such that 
for all n, x,€st(x,g,), then X Æ U(x) this implies that 
<x.) converges to x since Estr iS an open refinement of 
En for all z&Na Phhenioendih Greukis KapyreCosectign dfgridyatat Y CA, 


r 
3 
N 
i 
i 
i] 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Cs-SEMIDIVELOPABLE SPACES 


Cst(*,g,). Suppose the filter base y={A,|a€.} conv- 
erging to x has a cluster point p such that xp. Then 
clearly there is a positive integer k such that for a nei- 
ghborhood V of p, V(p)(st(x,g,)=¢ Now for n>k, A, 
Cst(x, g,)Cst(x,g,) for all a>f, BE and so TVEL D) 
=@ for all a>. This constracts the fact p is a clustor 
point of w Thus {g,|“=N} is a cf-semistratifiable w4- 
space. 


Corottary 2.8. Let X be a reqular w4-space. Then X 
is an a-space if and only if X is a cs-semidevelopable 
space 


3. Mapping 


Charles C. Alexander introduced the concept of pseudo 
map. 


DzriniTION 3.1. Let x and Y be topological spaces, 
Then a surjective map from X onto Y is pseudo-open if 
and only if for each y&Y and each open neighbor hood 
U of f(y) in X, yEInt F(U). 


THEOREM 3.2. The image of a cs-semidevelopable space 
under a continuous pseudo-open map is cs-semidel- 
Opable. 


Proor. Let f be a continuous pseudo-open map from a 
cs-semidevelopable space X onto a space Y and d= {g,| 
m=N} a cs-semidevelopment for X. For each Open V, 
containing a point of Y and for all z, we can put 


FIV) =st (4, ga). 
Since 4 is a cs-semidevelopment for X and f is continu- 


ans, let U ge. ayos penais etri hEN "err 7) then 


Digitized by Arya Samaj Foundation Chennai and eGangotri | 


10 Sunc Ryon Yoo 


there is an convergent sequence (x, converging a point + 
belonging to f(y) in U where (y,) converges to y in Y. 
On the other hand. by Definition 1.2. there exists a 
MEN such that st(x, g.) is contained in nos all > and 
tn) is eventually in str, Za). That iS, VESCE, &.)) 
Clint f (st (x, Zn,)) and therefore gn is contained in Int FST 
(x, n,)) for all 7>. 
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ON THE NUMERICAL RANGES AND 
LUMER’S FORMULA |, 


Kyonc Soo Kim AND Youncos YANG 


1. Introduction 


In [4], Kim and Yang defined a numerical range for the 
class of all numerically bounded (nonlinear) maps on a’ 
Hilbert C*-module,and gave some of the basic properties’ 
‘of such numerical range. In this paper which is a conti- 
nuation of [4], we define the numerical range for the 
numerically bounded vector fields on the unit sphere of a 
Hilbert C*-module, and give additional properties of such 
numerical ranges. In particular we obtain an analogue of 
Lumer’s formula for the class of Lipschitz maps. 

Throughout this paper we let B be a unital C*-algebra, 7 
B" its dual space, and X the Hilbert B-module with a 
B-valued inner product <,)[5]. A Hilbert B-module X 
is assumed to have a vector space structure over the co- 
mplex numbers C compatible with that of B in the sense 
that 


A(xb)=(Ax)b=x(Ab) (xeX, beb, 2eC). 


We define the norm hle on X by lixllx lle IT, We 
will use the following notations. @*(X) is the vector 
Space of all B*-quasibounded maps. W*(X) is the vector 
Space of all B*-numerically bounded maps. L(X) is the 
Banach space of all bounded linear operators on X. we 


also denote éhe,, GpacdeAmiM@ttRu Rank 6kebridayHaliaWar 


a EE ee ee eee 
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and |F|*=1 it follows that 


Xn ap HEE Tin) | SO (3) 
all x %allx x 
But (3) and X uniformly convex imply 
I\(a—F) (Xas fa)llx —(). (4) 
IE] 


Hence from (4) we obtain 
eee Pee GPG Pe 9 
CU IER ; 


ie., len*(F). 
On W*(X), the following seminorm is defined: 
Sron WSF ih 


Proposition 2.3. The multivalued function FeW*(X)—> 
Q*(F) is upper semicontinuous, i.e., given an neighbo- 
rhood V of 0*( F) there exists an e>0 such that 9*(G) 
CV for GeW*(X), w*(F—G)<e. 

Proor. Suppose o(G,—F)<-, ZnEQ*(G,), 2,2. 


We will show that zeQ*(F). It can be easily seen that 
this property implies the upper Semicontinuity of Q*(F). 
By the definition of the seminorm w*(-) we find c,>0: 
such that 


Tep, f) -FE H, I (2) wens 


for(%, f) eTo, Illes By the definition of a B*-num- 
erical range we find (Ens fn) eTo, llXallyc=2-+c, such that 


Ifa Car = Gn) (ins fa), o>) SCL) ay (Sal 
Hence USR lnla Konga tetada rakker Gy) (ny fa)» 


| oS eal 
) 
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r) 
+1 Fn(<(Gu= 20%) (ny P, Xa >) |+ lz 2] HRP, 
< (3+ 2,21) ixl Fall 

Letting zoo we see that ze0*(F). 


As a consequence, the set {FeW*(X):0*(F) +4} is 
closed in W*(X). Also the multivalued function FeQ* 
(X)>Ł*(F) is upper semi-continuous. 

We recall that a continuous map P: XY X {0} ~X is 
said to be B-numerically bounded, if the map FP: a X 
given by F(x, f)=P(«) is B*-numerically bounded. In this 
case the numbers w*(F), a*(F) and the B*-numerical ra- 
nge 2*(F) are denoted by w(P), a(P) and Q(P) respecti- 
vely[4]. We denoted by W(X) the vector space of all 
B-numerically bounded maps on Xo. 

Let S={xeX:|lxlly=1} be the unit sphere in X, and let 

\ @:S—+X be a continuous map on S, i.e., a vector field 
on S. We say that æ is B-numerically bounded, if the 


map (x) = ll x9(\|xllj4”), x40, is B-numerically bounded. ~ 


In this case we let w(0)=0(®), a(@)=a() and 9(0) =0(0), 

If we set T={(x, f) e XXB*:\xiy=Ifll=f(<x, x>) 
=1}, then TT is a connected subset of XxB* with the 
norm xX weak* topology[6]. 


Proposirion 2.4. Let © be a B-numerically bounded vec- 
tor field on S. Then 
(a) o(@) = sup |[g(<@(u), u>)|. 


(b) a@) = anf le(<o(u), u>). 
(c) Q(@)ce=x. If Pubic Dding)n. Gyruk0| Kéngri Gollectiqn, Haridwar 


ee 
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2. Numerical range for nonlinear operators 


If we set 
T={(x, fyeXx Bt: rll, PN, #>) = Nell} 
(r>0) : 
and To=UT,, then each T,(r>0) and To are connected 
subsets of XXB* with the normXweak* topology, unless 


X has dimension one over R[4]. From now on we shall 


assume that To has the normx weak* topology as a sub- 
set of XX B*. Also we shall assume that X doesn’t have 


dimension one over R. 


Proposition 2.1. Let F: Mo~>X be a continuous map 
such that |IF(x,f)lly=llllx for (x, Te Ta. Then se Z YL) 
implies |2z|=1, where )*(F) denotes the B*-asymptotic 
spectrum of FeQ*(X)(4]. 


Proor. Let ze) *(F). Then by definition of X *(F) we- \ 
can find (Xa, Ja)e Mo such that |lx,llx2” and 


Iar PHG The Walle, 


where z denotes the natural projection of Xx RS onto X. 
Hence LFL, fn) lx ll%allxSl2| laalle 


SIF Lr, fo I|%nllx. 


Using the assumption on F, 


l 
(LaF ) lal |z| s+) Fale 


Dividi < 
wading Py lala ad Jetting, MngPCokQOPlekesarthe proof. 
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We note that the B*-numerical range Q9*(F) of FeW* 
(X) is a nonempty compact connected subset of C, and 
SLS LET reQ*(X)) [4]. Also we recall that a Ba- 
nach space (Y,|l-ll) is said to be uniformly convex, if 
whenever X, € Y, Y, e Y, læ S1, ily, IS1 and lx, tyl 
—2, then Y-M, ll—0. 

Proposition 2.2. If X is uniformly convex and FeQ*(X), 
then {260*(F):|a|=|F|*}S>*(F), where |-|* denotes the 
seminorm on Q*(X)[4]. 


Proor. Let 2e9*(F )and |a|=|F|*. We may assume that 
440, for otherwise F=0eQ*(X), the normed space of all 
equivalence classes of B*-quasibounded maps, i.e., 
Q*(X)=Q*(X)/N(|-|*) [4] 
and the result follows immediately. Since we may replace 
F by ATE, there is no loss of generality in assuming that 
|F|*=2=] 
Now, there exists (x,, fna) € Tl, such that 
UENCE BE) 
el all 


as m—>oo and therefore 


MEMS ON C5 Hin 2 SS) 


=>] 


(1) 
all Fall 
Since L ; 
1+ WACA fes Vile > KEZDA fin) lx 
l%nllx = EAN 
SMa THE Gy, fa), 4> (9) 


CC-0. In Public Domain. Gurukul kandi S e) I 
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Paoor. (a) and (b) follow from 
Frede, *>) Pa PIE LN), x>) 
SS 3 = 


ea ala 2 eal kal all 
=g(<0 (u), W>), 


where a= lrir, =< LIP and (u, 8) eff. Now (c) be- 


comes evident. 


Proposition 2.5. Let F be a continuous mapping of 
S into X, and let W, (F) LL Py, KNA eE 
Then W,(F) is connected. 

Proor. This follows from Corollary 3.4[6]. 

As a consegence we see that 9(®) coincides with the 
closure W;(”) of the B-spatial numerical range W,(®) of 
a continuous map 0:S >X. 


3. A nonlinear version of Lumer’s formula 
In [6] Yang proved the Lumer’s formula 
sup Re W,(T)=lim Eee 
a- 


for any bounded linear operator T on X, where W,(T) 
denotes the B-spatial numerical range of T. 

Our aim in this section is to prove a nonlinear verson 
of Lumer’s formula for the class of Lipschitz maps. But 
before we do this, we are going to state an elementary 
result which is a generalization of the well known prop- 


erties of the logarithmic norm for bounded linear opera- 
tors on a Banach space. 


Lemma 3.1 [2]. Let Y be a Banach space, and let C(Y) 
be a vector space of e maps f:Yo=Y—{0}-Y 


Suan peat HOE lhe) R, Ed BRI dD dekane on CY) 
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such that 6(/)=1. If for every feC(Y) we define 
fy = lim BUE] O 
20+ D 
then the limit (*) exists and satisfies the properties: 
(a) I (PISS). 
(b) ò (uf )=Lò' (f), #=0. 
C) OHIE LP LB a). 
i (d) |6’(f) —6’ (g)|<d(f—g). 
| Lemma 3.2. If PeW(X), then 


sup Re 0(P)So’(P). (1) 
Proor. From the inequality 


Re SLO) ee) <i { lf(<a#+eP(%), «>>)| 
CARTA R ixi? fi 


=i p>0 
i and the obvious fact 
sup Re 9(P)=lim sup Re FKP), >) 
eee EAFA S 
we obtain 
sup Re apja RLE ong, 
Now (1) follows, if in (2) we let pot. 


- (2) 


On the vector space Q(X) of all quasibounded maps on 
X, the following seminorm is defined: 


IST bimn susse LT allx BE 


Ix 
THEOREM 3.3. If P:X>X is a Lipschitz map, i.e. » there 
exists k>(CGAdihPupieRomain. Gurukul Kangri Collection, Haridwar 
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a) 
(2) 


from the previous 


P(x) —P(y) lx SA lle yl, % yeX, 


then sup Re Q(P) Sn CQy= Wale 


Proor. Since, clearly wo (P)S|PI', 
lemma we see that it suffices to show that 


|P|’<sup Re Q(P). (3) 


Let z=sup Re 9(P) and #,=sup Re op(Ir) (7>0), where 
¢p is a continuous map given by 


nea = Ot) LR PH ello. 
lengi 1 


We have for (x, f) ell, (r>0) 
W(I—pP)(x)Ilx_+|_ f(<U=eP)(™), x>) | 
I Ilx = lx HZHPH 


TPS, x>) 

IE] 

MERON T 
EAFA] 


T 


z= 1—p Re 


=1—p sup Re ¢,(Tl,)=1—p#, 
and using the fact lim p,=, we obtain 
IU fe Ik 1 p50, tlle Zr, (4) 
for all p>0 sufficiently small. 
If we apply (1) we obtain 
e+ pP(%) Ix Nally pllP C) IIx 
ell IPO) ix +kilxllx) 
CC-0. In Public Domain. GutkliH<degn (alegien HERG) ke 
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2 1 
Thus, if we let 0<e< ye we see from this last inequality 
that we can choose ||x|lx=r large enough so that 
lv-+pP(x) H ST. 


Hence we can apply (4) with x+pP(x) instead of x and 
obtain 
IZ —pP) (I+pP) (x) x= BN llx-+ pP(x) lly, 

and 

IoP) (x) —pP (I+ pP) (x) x= (1 —pe,) lx+ pP(2) lly. (5) 

From (1) we obtain 

(2+ pP) («) —pP(I-++pP) (x) lS lx lx+ pll P(x) 

—P(I+pP) (x) llx 
Sl¥|lx+ phkilx— (7+ pP) LX lx) 
= |l% lx+ p?RIIP (x) Ilx. 


Thus we have 
IPP) (x) —pP(I-- pP) CAO x< lx lx+ okIIPC) lx- (6) 
From (5) and (6) we get 


lx lx+ p?R ||P (x) l= (1 — pe,) lx+ pP(x) lx 


and hence 
Irek EAk = g lx-+ pP(x) Il 
P lly Z 72) mm O 


If in (7) we take the lim sup as roo 
we obtain 1 +p?k|P|=(1—pz)|I-+pPI, 


and 


(U+eP|—1 < pk|Pi|+z 
CC-O. In Public Ddhain. Sikere Galian, Haridwar 
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If in (8) we lét p—0*, we obtain (3), and this completes 


the proof. 
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KF 5 E H A m pes 
ON SEMIGROUP- RINCBT [), 7 


Tae Younc Hur AND Cyor On Kim 


In this paper K will be a field, S-a semigroup ring 
of the semigroup S with coefficients in K will be denoted 
by ALS] (c.f. Clifford[2]}). 
| We shall prove that if K[S] is right Artinian with a 

cancellative semigroup S, then S must be finite. Thus, 
we get a result related to the Woods’ Theorem[5] for 
semigroup ring case. 

We recall that a semigroup S will be called cancella- 
tive if G=SS-1 be a group and for all s,teS, there exist 
SI EL € S such that sf'=t,s,71. 

We begin with the following well-known result which 

is a kind of common denominator theorem. 


Lemma 1. Let S be a cancellative semigroup and G= 
SS be a group. If su, Sa rrr s,¢S, then there exist 11,125 
+, 7,6S and seS such that s;!=7;s! for 1<i<n. 


Proor. The proof will be by induction on x. For z=, 
take s=s? and 7;=s,. Assuming the result to be ture for 
all positive integers less than v. By induction hypothesis, 
there exist r*,r%, “57m, € S and s* eS such that 


E 


for 1<i<m—]. Since S is cancellative, there exist r,, 
reS such that s,7,=s* r=s say. Hence si!=r sl. Set 7;= 


NAS) 


a S C S LR ç*-1—(y* 
L D HI 1<i<m—]_ so that S riS (rk 


CC-07Tn Public Domain. Gurukul Kangri Collection, 
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= (r; r)(s*r)t=ns 


for 1<i<n—1. This completes the induction and conclu- 


des the proof. 

Okninski[4] showed that if a semigroup ring ALS] 
is left and right Artinian, then S is finite. 
to consider the above theorem to the semigroup ring 
case with one sided Artinian, we start with the foll- 


In order 


owing. 

Lemma 2. Let K be a field and S- cancellative semig- 
roup. If I is a right ideal of group ring K[G], then IN 
KST is a right ideal of KES] and (IN K[S]) K(GJ=/. 


Proor. It is easy to see that IÑQK[S] is a right ideal 
of K[S]. Also we get (LT KST K[GJEI KL[GJCI because 
of IM K[SJEI. 

On the other hand, let a=aygitaqogot++a,g, be an 
element of J. Since G=SS-!, there exist s,,¢;eS such that 
gi=siti for 1<i<m. Thus a=aysitj!+ a2S2t3! +--+ GnSatz'. 


From lemma 1, we get ¢j!=s,’ t1 for 1<i<n. Set s;s;’ 
=a;eS. Then we have a=(@1515;/++::+4,5,$n )t'=(aiay+ 
--+a,a,)t4 and at=aya;+--+a,a,e I because of ae I. 
Since (@ya,;+---+a,¢,) INKES], a=(aya;+---+a,a,)t7 
LIT KST KG], Thus ICUMK(S]) K[G]. 


Now we are in a position to prove one of our main 
results. 


THEEOREM 3. Let K be a field and Sa cancellative sem- 


igroup. If semigroup ring K[S] is right Artinian, then 
Sis finite. 


Proor. Leka Fumie poks. Gurdescendinntecthnatieidwaf right 


spas nr y 


L I 


sid 
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ideals of ALG]. Then LM K[SJDLNK[S]D-.-- is also de- 
scending chain of right ideals of K[S]. Since KS] sat- 
isfies descending chain condition on right ideals of KES], 
there is an integer N such that I,Q K[S]J=Z, for all k> 
N. Since (LAK[SIK[G]=I, I, =I, for all k>N. It 
means that K[G] is right Artinian. By Connell[3, The- 
orem 3.1], G is finite. Hence S is also finite. 

The ring R is called right perfect if R is semilocal 
(i.e. R/J(R) is Artinian) and the Jacobson radical J(R) 
is right T-nilrotent, or equivalently, R satisfies the 
descending chain condition on principal left ideals [1, 
Theorem 28.4, p. 315]. 

S.M. Woods [4] has shown that the groupring R[G] is 
right(left) perfect if and only if R is right(left) perfect 
and G is finite. 

Now let us consider the perfect semigroup ring case. 

THEOREM 4. Let S be commutative cancellative semigr- 
oup. If K[S] is left perfect, then S is finite. 

Proor. By Woods’ result, we must show that K[G] is 
left perfect. Let a, das æ,- be elements of KS] and 
aK[G]Da,K[G]Da;K[G]D:- be a descending chain of 
Principal right ideals of K[G]. By lemma 1, a@;=B6;s;' for 
Some Ds K LET and seS. Thus we get 615;!K[G]D6,s;! K 
LG]. and B,K[G]D£, K[G]Ə--- because of SC K[G]. 
Since B2=B2-leBo KEG]GB, KEG], Bass BT for some Te 
CGJ]. Hence TT" for some 7%eK[S] and teS. Thus, we 
have 6,.=£,7) t! and tB2=Bat=Bi% e6i,K[S]. Finally we 
get 18. K[S]Cp, KES]. 

By the same reason fof K[S]DtitBs KES] for some tye 
S. Continuia@0itn Publeiomfasteion, Kangi Cobestons heiodescending 


eS eee 


——————o<——— “OO 
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chain a, K[S]2eeboK (SJ2r0bsK [SI of principal 
right ideals of K[S]. Since KES] ds left perfect, gue 
exists an integer N such that BRUB EuL for 
all RN. Since S is commutative, Ber KL SJ=bxtwKLS] 
em fon RETETE Ee Bura LST UST fon 
all k>N and g.e K[G]=bnrn K CG] for all k>N. So for 
all kN, 6,K(GI]=AnK LG] and Brse KG] =Bysw'KLGI, 
we get a,K[G]=anK[G] for all k>N. Therefore K[G] 
satisfies the descending chain condition on the principal 
right ideals of K[G]. Hence K[G] is left perfect and the 


proof is complete. 


Corollary. If K is any field, then K[x] is not perfect, 


Paoor. We have known that S=({x'|i=0,1,2,-:} is a 
cancellative semigroup and K[S] is just the polynomial 
ring K[x] of x over K. So by the theorem K[x] never 
perfect since S is finite. 
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ON THE NUMERICAL RANGE AND HERMITIAN 
OPERATORS 


YouNGoH YANG 


I. Introduction. 


| In[7], W.L. Paschke investigated right modules over 
| a C*-algebra B which possess a B-valued inner product 
respecting module action. Under this inner product, Yang 
defined a numerical range of an operator on this module. 
In this paper, which is a continuation of [8], we give 
analogous results of our numerical ranges as those on 
Banach spaces, and study its relation to spectra and 
various growth conditions on the resolvent. Also we 
define Hermitian operators in terms of our numerical 
| range and study some results on these. 
Throughout this paper we let B be a unital C*-algebra, ` 
B* the dual space of B, X the Hilbert B-module with a 
B-valued inner product < , >[7], S(X) the unit sphere of 
X, i.e., the set of all xeX such that Ixix = Ila, x)= 
l, zı the projection of XXB* onto X, B(X) the set of 
all bounded linear operators on X, and T the subset of 
X™B* defined by 
T=((%, f) < S(X)XS(B*): Fa, #)) =). 
The B-spatial numerical range W,(T) of an operator TeB 
(X) is the set W,(T)={f(Tx,x)): (x, fyeT}(8]. This 
generalizes the classical concept of numerical range on a 
Hilbert space. The B-spatial numerical radius of an 
Operator G-Qsingiyblic Dome Heu bare Gollesion Hawas W,(T)}. 


aes 
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Also we denote the action of Bon a right amoda XE 
by (x, b)>xb(weX, beB). A Hilbert B-module X is assumed 
to have a vector space structure over the complex numbers. 
C compatible with that of Bin the sense that 4(xb)= 
(Ax)b=«(Ab) (xeX, beB, aeC). The algebra of all eign 
linear operators on X which possess pounded adjoints 
with respect to the B-valued inner product will be deno- 
ted by A(X), and without risk of confusion, we denote 
the operator norm on B(X) byl . Il. 


I. Spatial numerical ranges 

Lemma 2.1. Let P be a subset of N such that zı(P) is 
dense in S(X) and TeB(X). Then 

(i) sup(Re (Tx, 2): (e PeP) PLZ, TT 1—1): 


a>0}=lim OLT. 
a—>0+ 


(ii) sup{Re PT, H; (x, f)eP} =sup L logllexp(aT) 1: 


a>0}=lim + logiiexp(@T) I. 
a—>0+ 


Gii) co(f (Tx, xY): (x, J)eP}=V(B(X), T), where co E 
and V(A,a) denote the closed convex hull of E and the 
numerical range of aof a unital normed algebra A 
respectively. 

Proor. (i) and (iii) See [8]. 

Gi) The proof is similar to that of Theorem 3.4[2]. 

By Theorem 2.6[2], we have Sp(T)CV(B(X), T)=co 
W,(T) where Sp(T) denotes the spectrum of an, However, 
the following stronger statement holds. 


THEOREM 20-20 Pubbg Dore BY SYR garg Gollestnn, nate having tts 


—_i 
| 
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adjoint. Then Se(T)CW:(T); In particular 3S (T)CW p 
(T). 9 stands for “boundary of”. 


Proor. For each TeB(X), we have S(T)=0(T)Ur(T}) 
where T (T), P(T) denote the approximate point spectr- 
um, the compression spectrum of T respectively. If Aer 
(T), then the range of T—AJ is not dense so since RT 
—T)*=NQI— T*), the range of YT—AI has a nonzero 
orthogonal complement. Hence 2 is an eigenvalue of Tx 
so that à eW,(7*) and therefore AeW;(T). On the other 
hand if 2e (T), then there exist unit vectors x, such 
that (T—AI)x,—0. By the Hahn-Banach Theorem, there 
exists f, in B* of unit norm so that 

Falka Ln) =L. Then fin Tx, AnD) —Al=|fn(( THn—AX a, 
Xa) (Si Tx,—Axallx. Thus f,({ Taa YADDA as noo, and 
hence A4eW,(T). It is well known that 0S,(T)C T(T)C6], 
thus in particular 0S,(T)CW,(T). 


Remark 2.3. ||Rill=(T—al sda, We(T))7! for atw, 
(T) (TeA(X)). For given xeX with |lxlly=1, there is an 
f in B* such that 

Ifll=fCx, *>)=1, and then ||(T—al)sllx=|f(((T—AL)x, 
%))|=|f( Tx, XM ld, W:(T)). Hence CTD, 
dU, Ws(T))lixlx and so |Ril=(T—Al)> led, W2(T)) 
for Aa¢W3(T). 

THEOREM 2.4. If TeA(X) and K is a closed convex 
subset of the plane, then KDW,(T) if and only if I(T 
=AL) Sd (a, K) for 2K. 

Proor. If KDW,(T), then Remark implies that 

IC T—al) sda, We(T)) 2d, K)! for 24K. 
Conversely, “Sfipposes PRA" DUST Sp Ene i Piautisties the 


Ñ 
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indicated growth condition. To show that W,(T)CK, it 
suffices to show that every half-plane H which contains 
K also contains W,(T). Bya preliminary translation and 
rotation, we may suppose that His the right half-plane, 
Re 2=0. Since HDK, ll (T+T) SE t+ TONS for 
all ¢>0. Hence if (x, f) eT, then Re f(((J+tT) 4%, x) Ss 
WAM LT TPR leS- = f(x, XD, and thus 0S <Re TCC (I 
B R x, %))=Re f(ETU+tT) x, x»), Dividing by ¢ and 
letting {0 yields Re f(<Tx,*))20. Since (x, f) is arb- 
itrary, this shows that W,(T) CA. 


TaroreM 2.5. Let S,T e A(X), 0¢We(T) and 
Ks Hu: 2eWa(S), veWa(T)}. Then Sp(T4S)CE. 


Proor. Let z be a complex number not belonging to E 
Then there exists d>0 such that |zu—Al|=d(seW,(S), 
HeW,(T)). Given (x, fyell, we have Il(2T—S)x lvl 
(((@T—S)x, x))|=l2f((Tx, x)) PRN, x))|2d since f(<Tx, 
xy) e W,(T) and f(<Sx, x) € W,(S). Similarly Il(2T— 
S)*xlly2ed. By [2], we conclude that zT—8S is invertible. 
Since 0¢ W,(T) and SLT W,(T), T is invertible. 
Therefore z[—T“!S is invertible, i.e., z ¢Sp(T-1S). 


The B-numerical index of X is the real number ”s(X) 
defined by 7,(X)=inf {W2(T): T e B(X), \\Tii=1}. It is 


obvious that nate) by Theorem 4.1[2]. It has long 
been known that for a complex Hilbert space X of dime- 
nsion greater than one, 1;(X) = (61. 


Given x e S(X), let D(B,(x,~))={ f e S(B*): f(<x,*)) 
=1} and W,(T,*)={f(<Tx,*)): f © D(B,<x,x))} (T £ B 


(X)). Tin inpebiseeontdin EuR, Hangar: + e S(X)}. 
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An application of the Hahn-Banach Theorem shows that 
for each x e SCX), we have D(B,<x,x>)4¢. In the weak* 
topology, D(B,<x,x%)>) is a closed convex subset of the 
unit ball in B* and hence compact. Since DR, x,x)) is 
convex, D(B,<%,x)) is connected in any topology which 
makes B* a topological linear space because in any such 
topology, t—-tf+(1—t)g,0StS1 is a continuous function, 
Using Lemma 15.7[3] and the fact that the sets W,(T, 
x) are nonvoid compact convex subsets of C, we obtain 
the following results; 


LEMMA 2.6. The mapping x—W,(T,%) is an upper 
semicontinuous mapping of S(X) with the norm topology 
into the nonvoid compact convex subset of C. 

From this fact, we can prove that W,(T) is connected 
for each T s B(X), unless X has dimension one over R. 

In terms of the Hausdorff metric for compact subsets 
of the plane, we obtain the continuity of the function Wz. 


THEOREM 2.7. The function Ws is continuous with res- 
pect to the uniform operator topology. 

Proor. If IS— TI <e and (x, f)eTl, then 
LFL LR Ty, x))|<S—T\<e, and therefore {(<Sx,x))= 
F((Tx,%))+f(C(S—T) x, «) « W,(T)+(e). It follows 
that W,(S)CW,(T)+(e). Similarly W2(T)CW2(S) +(e). 

Given Tess Ta e B(X), we define the B-joint nume- 
rical range of T=(T1,-, Ta) by W(T)={((fCKTix, x>), 
+) PL TAK, %>)): (x, PST, Clearly W,(T) is a bounded 
Subset of C”. We say that SID e% Z,) is in the joint 
boint spectrum of T if there exists some nonzero element 
Xe X such that T;x=z:x(i=1,=-, ~)[2]. It is obvious 
that the BSotal naea TANS g Aal of oper- 


SSS ieee 
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ators includes the joint point spectrum OL Ii 
In this paper, we have the following two problems; 
(1) For what operators T e B(X) is Wz(T) a closed set? 
(2) Characterize those Hilbert B-modules X such that 
W,(T) is convex for every Te BCX). 


Il. Hermitian operators 

DEFINITION 3.1. An operator T e B(X) is said to be B- 
Hermitian if W,(T) is real. We denote by H(X) the set 
of B-Hermitian operators of B(X). 

It is obvious from the definition that H(X) is a real 
Banach space, and i(ST—TS) e H(X) if T, Se H(X). 
Furthermore since W%,;(-) is equivalent to ||. ll, any 
operator T e H(X) for which T and iT are both B-Her- 
mitian must be equal to zero. 


THEOREM 3.2. Let T be an operator in B(X). Then the 
following statements are equivalent: 
(i) T is B-Hermitian. 
(ii) I+i a Til=1+0(a) an a0, with a real. 
(iii) ,exp(@i a T) =] for real a. 
(iv) jexp(¢ a Tiet for real a. 


: Proor. Since W (a+8T)=a+fW,(T), T is B-Hermitian 
if and only if sup Re W,(iT)=sup Re W,(—iT) =0. Hence 
vine equivalence of (i) and (ii) follows from Lemma 2.1 
(i). Also (iii) implies (i) by Lemma 2.1 (ii). If (i) holds, 
then again by Lemma 2. 1 (ii), O=suptiy logilexp(i a T) I: 


20}. (*) Now 1=IlLii<llexp@aT)|\ lexp(—i @ T)\| (a eR). 
i, for some real 8, we have lexp(i 8 T)\l41, the last 
Inequal AS? shoe REN: Per gray Celestion, Haridwar 740 such 


L 


B 
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that llexp(@ 7 TIL, contradicting(*). The argument 
just given also shows that (iii) and (iv) are equivalent. 
This completes the proof. 

With the norm induced from B(X), A(X) is a C*- 
algebra. It is easy to show that TeA(X) is B-Hermitian 
Mand onyen 

Proposition 3.3. If Te B(X) can be written in the 
from T=R+i] with R and J B-Hermitian operators in 
H(X), then R and J are uniquely determined. 


Proor. If R’ and J’ are B-Hermitian operators in B(X) 
and T=R'+iJ', then W,(R—R’)=iW,(J’—J)={0}. Thus 
RER and] SJA 

We let Je(X)={T+iS: T, Se H(X)}, and we may 
define a mapping * from J,(X) to itself by (T+iS)*=T— 
iS(T, Se H(X)). It is easy to show that Js(X) with the 
norm of B(X) is a Banach space and * is a continuous 
linear involution on J,(X). 


DEFINITION 3.4. An operator T e B(X) is said to be B- 
positive if W,(T)CRt. We denote by P(X) the set of all 
B-positive operators of B(X). 

In the real Banach space H(X), the set P(X) isa 
proper closed cone in which I is an interior point. 


Proposition 3.5. Let T e P(X) and 0 ¢ W,(T). Then 
T is an interior point of P(X) in H(X). 

Proor. Set A=inf{a: a e W;(T)}. Then &>0 and We 
(T+S)CW2(T)+Wa(S)CWa(T)+L—ISi, IISI] for any S e 
A(X). Thus if Sel we have W,(T+S)CRt+, and the 


Proposition follows. 
We shall cali pencil of “ements ot an algebra A the 
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‘set of linear combinations aih where ae A, be A and 
2 is a scalar parameter. 

DEFINITION 3.6. Let T and S be elements of B(X). The 
set WS(T)=2: (E (x, fe) OKT- 2S)x, %))=0)} is 


called the B-spatial numerical range of the pencil T—AS, 


Under the additional assumption that Se H(X) with 
S>0, it is readily seen that 


s IETEN o eee 
WCT) = ERS x,y) : (x, fet}. 


Definition 3.6 generalizes the B-spatial numerical ra- 
nge of an operator T since W,(T)=W;(T). Generalizing 
B-spatial numerical radius, we also introduce 

Ww s(T)=sup{|a|: 1 s WE(T)} and we have, in 
particular, X (D =% 5 (T). 
Proposition 3.7. Let S e H(X) and S>0. Then 
Wi (T)= ae (T e B(X)). 


Proor. Obvious. 
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EVOLUTION EQUATION OF TYPE -Zu + Apu 50 
IN Lera) 


Kr Sm Ha 


1. Introduction. 


| Let 2 be a measure space of bounded measure. For 1< 
pb<+o,L’(2) denotes the Lebesgue space of 0 with norm 
Il- lp Let A be an operator of L’(@) and 8:9XR>A(R) 
a mapping. Define the operator AB of L*(9) by | 


AB= {[u, w]eL’(Q) x L*(@)|there exists veL’(Q) such 
that [v,wleA and a.e.xeQ, v(x)eB(x, u(x))}. 


The purpose of this paper is to study the Cauchy 
problem 


| Ge + Apu 50, “(0)=uo 

in L”(Q). 

Suppose that the following conditions are satisfied: 

(H1) A is an m-accretive operator of Ler on and mon- 
otone in L?(Q), 

(H2) a.e.xeQ, reR>B(x,r)eF(R) is maximal monotone 
in R, 

(H3) for every reR, there exists veL”(Q) such that a.e. 
xe, v(x)e B(x,r), 

(H4) for every feL*(@) and 2>0, there exists at most 
one solution ueZ”(Q) of u-+AABu Ef. 


Tueorem 1. ([5]) 


Let (H1)=(H4) be satisfied. Suppose Aß4. Then AB 


0 C-0. In.Publį in. Gurukul Kangri Collection, Haridwar 
is m-accretive in TRT 7 
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2. Solutions of Gt + Apu co in L*(2). 


By [1] and Theorem 1, we have the following theorem 
on the integral solution in the: sense of Bénilan of the 
equation: 

Tarore 2. Let (H1)-(H4) be satisfied. Suppose A873, 
Let geL'(0,73L°(9)) for T>0. Then for every vo 
eD(Ag), there exists a unique integral solution # on [0, 
T] of du/dt+ABusg, u(0)=uo. Moreover u(t) eD(AB) 
for every te[0, T]. 

Suppose the following condition is satisfied: 

(HC) A is m-accretive in L*(Q) and cyclically monotone 
in L7(Q) ((2]). 

Remark 3. ([4]). 

Let (HC) be satisfied. Then (H1) is satisfied and there 
exists a proper lower semi-continuous convex function ¢ 
defined on L?(@) into (—œ, kea) with @¢—A, , where A 
is the closure of A in L?(Q). 

THEOREM 4. 


Let (HC), (H2)—(H4) be satisfied. Then for every 
ueD(AB), there exists uee ([0, T];L°(2)) such that. 


FE eL"(,Ts stra), Hre) 


GE + Apu(t)s0 a.e. on (0, T) 
u(0)=uo ae 


n 


for T>0. 


Proor. By Theorem 1, AS is m-accretive in L°(9). 


Consider “Fit HDR REET Snerre Harduar 


Se 
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a) HO E N) 
u(t) =u | (¢<0) 


for every e>0 in L°(@). The equation (1) is written by 


( u(t) = (+e AB)“u, (te) (¢>0) 
| (t) =o (t<0) 


and it has at most one solution 


u.(t)=(1+eAB) uo for every te((k—1)e, ke] 
or 
u.(t)=(1+eAB)-“/°u, for every t>0. 


By [3], u.(¢) converges to u(t) in Z°(@) uniformly on 
every compact interval of [0, 0) as e>0-+ and if we put 
u(t)=S(t)ao, then S(t) is a nonlinear semigroup of cont- 
raction generated by Af. By [1], the limit x(t) is the 
integral solution on (0, oo) of Gh + Apu G0, u(0)=2o 
and aL —2(s) llo<|é—s|||ABzolls for every’ t,s>0. Thus 
a.e. te(0,co), u(t) is weakly differentiable in L°(2). We 
put 


w.(t)= u(t) aie (t=e) 


For every t>0, 
(2) "han e= ENHA) ao LTE eA)“ nolle 
<ABeolle. 


Hence w, is bounded in L*((0,0o)x@). Let v,(t)eL*(Q). 
Such that ; 


(3) w.(t) + Av.(t)20 | 
and a.e. X EGS- KOERA. Syk fa iklan Obi Foreéctaligwounded in 


SR 
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L= (0, 00) X2), by (H3), 2 is pounded in L*((0, °°) XQ). 
There exists {en}, €n>0, & 70+ such that v., v and w., 
—w in L°((0,0) 2). As in the proof of Theorem I.8 
in [4], we have 


tw in J (0, 005L*(9)) 


and by (2), | EOS Abualle- 


Let j: 9X R>(—co, oo] be a proper lower semi-contin- 
uous convex function such that a.e. xeQ, Oi Gone = 6 nee 
We define J: L2(2) >(—-, œ] by 

Ja) | fa 4@) if I&I) 
+o otherwise 
for every zeL2?(0). Then J is a proper lower semi-conti- 
nuous convex function on L?(@) into (—co,0o] and the 
subdifferential 3J of J is the prolongation of 8 to L?(Q) 
([2]). Since u. >u, V., v in L*((0,00) X@) and 
(4) v., (t)edJu., (t), 


it follows that u(t)eD(3J) and v(t) edJu(t) a.e.te(0, 00): 
Thus 


(5) v(t)eBu(t) a.e.te(0, 00). 

By (4), we have 

(6) f Penent) —u.,(t—€,)) 2J (u. (t) —J(u.,(t—€,))- 

By Remark 3, there exists a proper lower semi-continuous 


convex function ¢ defind on L?(@) into (—co,co] with 


0¢=A,. Let T>0. We define o: L((0, T) X0)—(— œ, %) 
by 


otay=|', Jo 2) if éter, T) x9) 
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for every zeL?((0, 7) X22). Then % is a proper lower semi- 
continuous convex function on L?((0, T) XQ) into (— o, co] 
and the subdifferential 0% of ® is the prolongation of 0¢ 
to L2((0,T) 2). By (3), w.,(¢)+Aov.,(£)30 and thus w., 
+dov, 30. For every zeL?((0, T) XQ), 


0(2)—0(.,) =)" fow) (2-2.,) 
=I laret larn 


L A =| u.,(t)—ue, (t—€,) v., 


En 


=f Jak 3 te, (E+En)) 


En 


hé f Jln, (t)) Tete) 


E iz] Ci=1)e 
O T E T 
(7) =I(u.,(T)) Iw), 


where T=ke,. By [2], t—J(u(t)) is absolutely continuous 
and a.e.te(0, T), 


(8) 2 Juct)) =), 0) S40). 
By (8), 

K eD 4 Of £@@))=1uiT)) Ta 
(9) eae T 
By (7)-(9), 


P (R balad 
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4, § 0) SEO#TG (TY) IMT). 


= £ lim 
Since rine, 00.) and JW Se, 04 a, 


aras [- Bet], jo. 
Hence for every z ¢L2((0, T) 9), 

saoo) >f OAH =o). 
Thus -H <a$(0), that is au du (4) 4 A(t) 2 0 a.et e(O, 
T). Since v(t)eL*(Q), S 2.0 ae. teco T). 


By (5), A Ct) + Apult) 2 0 a.e.te(0, T). 


3. Example. 


Let ¢:L2(9)>[0, co] be a function with ¢(0)=0 satisfying: 


00) éi Hia plum—u)) +6 (ora Brad) 
PU + $(u2) 

for every m, uL?(9) and pe~!(R) with o< <], p0) 

=0. 

If ġ:L?(9)—>[0,%] is a lower semi-continuous convex 
function with $(0)=0 satisfying (10), then AANV 
LR) X L*(@) satisfies (HC)([4]). 

Let 2 be a bounded open subset of R" with Sian 
bord r. Let 7: R>[0, œ] be a lower semi-continuous con- 
vex function with 7(0)=0 and7=07. We define a funct- 
ion ¢ on L(a) by 
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(11) ea |gradul?+{ J(u) if weH1(Q) a 


-H co otherwise, 


Then ¢:L7(2)—[0, co] is a lower semi-continuous convex 
function with ¢(0)=0 and the subdifferential 0¢ of ¢: 


(12) d¢={(u,v)eL?(2) x L?(Q)|ue H2(Q), v=—4u a.e. on Q 


and Su + r(u)30 a.e. on I}, 
where ae is the exterior normal derivative([4]). 
By [4], ¢ of (11) satisfies (10). Thus A=d¢(L*(9)x 


L“(Q) for ə of (12) satisfies (HC) ([4]). 
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FACTORIZATION OF POLYNOMIALS OVER A 
DIVISION RING 


Tar Hoon Hyun anv Jar Keor Park 


Factorization of polynomials over a division ring will 
‘be considered in this short note. In fact, L.H. Rowen[3] 
refined Wedderburn’s method [4] of splitting polynomials, 


Here we improve again Rowen’s result on factorization 
of polynomials. 


We start with following well known 


Lemma 1. Let D be a division rings with the center F. 
Then for every two-sided ideal J of D[x] there is a 
monic polynomial f(x) in F[x] such that J=f(x)D[«]. 
Moreover, J is a prime ideal if and only if f(x) is irr- 

educible in F[x]. 

Proor. Since D[x] is a principal (left and right) ideal 
domain, there is a monic polynomial f(x) such that J = 
f(x) D[x] of least degree. Now for d in D,r(x) =df(x) 
—f(x)d isin I and the degree of r(x) is less than 
that of f(x). Hence r(x)=0 and so f(x) is in F(x]. 
Straightfowardly, it can be verified that J=f(«)D[+] 
is prime if and only if f(x) is irreducible in F[x]. 

Lemma 2. [2, Theorem 3,p.179] Let D bea division 
ring with the center F and let K bea finite algebraic 
extension field of F. Then there are a division ring A 
and two positive integers 2, m such that 

(a) D @;K=Mat, (A). 

(b) KC Mat maic Dmak oo TARP TeoreARe Hari wi such the 


Jo 
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smallest positive integer. 

(c) hm=dim;K. l 

Furthermore, A is the centralizer of A in Mat, (D). 

Following [1] a right ideal g(x)D[x] is bounded if it 
contains a non-zero two-sided ideal. The sum of all non 
-zero two-sided ideals contained in g(x)D[x] is thus a 
two-sided ideal and is called the bound of g(x)D[«]. We 
say two polynomials gi(x) and g(x) in D[x] are right 
similar if Drede) Dlx] and D[xj/g2(x)D[x] are D(x] 
-isomorphic. In this case gi(x)D[~] and g:(x)D[x] have 
the same bound if one of them is bounded. Moreover, 
g(x) and g(x) are also left similar. So we just say gi(x) 
and g(x) are similar when they are right similar. 


THEOREM 3. Let D be a division ring with the center 
F and let p(x) be an irreducible monic polynomial in 
F(x]. If p(w) =0 for some algebraic element u over F, 
then for any irreducible decomposition p(x) =g,(x)g> 
(x) g(x) of p(x) in Dix] we have 

(a) Every g;(x) is similar to g,(x), 

(b) deg gi(~) (hence all deg g;(%)) is the smallest po- 
sitive integer m such that F[w]CMat,(D) as an 
F-algebra, 

(c) D[*]/p(x)D[x] is D{x]-isomorphic to 
A DEx]/s: (x) Dix] 
and 

(d) p(x) is the minimal polynomial of x. 


Proor. We note that D(x]/p(*) D[xj= D@rF lu] is sim- 
ple Artinian. By Lemma 2, there are a division ring A 
and two positive integers hk, m such that deg p(x)=hm 


TS Ble Mats (Ad cand Kangiscdibeicsinahlest posit- 
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ive integer so that F[x]/(p(*)) is F-embedded in Mat,,(D). 
Actually there isa minimal right ideal V of the simple 
Artinian ring D[x]/p(«)D[«] with dimpV=m and F[x]/ 
(p(x)) is F-embedded in End,(V). 

Let V=D[x]/B8(*)D[«] with p(*)=a(%)B(x)in Dlx]. 
Then since V is a minimal right ideal, 6(x)D[x] isa 
minimal right ideal of D[x] and so (x) is irreducible in 
Drc), Now for an irreducible decomposition (x)=8(x) 
Bat TBL in D[x], it can be verified that 6(«)D[x] and 
B;(x) have p(x)D[x] as the bound. (see [2], p.39) So B(x) 
and each 6;(%) are similar. In particular, deg B(x)=deg 
B:(x) for i=2,.., k. Moreover, since deg B(x) =m and 
‘deg p(x)=mk, we have h=k. 

Now consider the given irreducible decomposition p(%)= 
g(x)... g,(%) in the assumption. Then obviously n=k and 
each gi(x)D[«] has the bound p(x)D[x]. So each g;(x) is 
similar to B(x). Of course deg g:(x)=m is the smallest 
positive integer such that F[x]/(p(%)) is Pemba ded in 
Mat,,(D). So we prove (a) and (b). 

For (c), recall that the bound of each ge) Die S 
Pre) Dr), Since (x) is irreducible in Fl, DPL) 
D[x] is _D[x]-isomorphic to DX D[x]/g;(x) Da) by La 
Theorem 20, p.45]. 

Finally for (d), let J be the ideal of ee AG 
in D[x] such that f(u)=0. Then (x) is in J and.so’T is 
a non-zero two-sided ideal of D[x]. Hence by Lemma 1 
there exists a monic polynomial fo(«) in Fx] such that 
I=fy(x)D[x]. But since p(x) is irreducible in F[x], we 
have p(x)=fo(x) and so I=p(x)D[«]. Hence p(x) is the 
minimal PSY Adia P ofin Fuel che Ghedifnibaionpleted. 
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Observing Theorem 3 that every irreducible factor g(x) 

of p(x) has the same degree m which is the least posi- 
tive integer such that F[u]CMat„(D) as F- algebras, we 
get following immediately. 


CoroLLARY 4. [3, Theorem 1.5] Let D be a division ring 
with the center F and let p(x) be an irreducible polyno- 
mial in F[x]. If p(d)=0 for some element d in D, then 
p(x) splits into linear factors in D[x] and p(x) is the 
minimal polynomial of d. 


Proor. In this case since PCD, we have m=1. Hence 
each g;(x) is linear in any irreducible decompostion of p(x), 

Corottary 5. Let D be a division ring with the center F 
and let p(x) be an irreducible monic polynomial in F[x]. 
lf deg p(x) is prime, then either p(x) is irreducible in 
D[x] or p(x) splits into linear factors in D[x]. 
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ERGODIC THEOREMS FOR AN ASYMPTOTICALLY 
NONEXPANSIVE SEMI-GROUP IN HILBERT SPACES 


Kwanc Pak Park AND Jonc Kyu Kim 


1. Introduction 


The origin of ergodic theory lies in statistical mecha— 
nics. We are interested in proving the existence of limit 
of time averages. The recent developements in the ergo- 
dic theory of nonlinear mappings in Hilbert space star— 
ted with the result of B. Baillon((1]). 

Baillon considered a nonexpansive mapping T of a real 
Hilbert space H into itself. He prove thatif T has fixed 
points in H then for every x in H, the cesaro mean: 


n=l x L. E 
Ra T x converges weakly as n= to a fixed point. 
=0 


of 7. 

A corresponding theorem for a strongly continuous one 
parameter semi-group of nonexpansive mappings SLI: 
t>0 was given soon after Baillon’s work by Baillon and 
Brezis ([2]). Also, a similar result of Baillon’s work 
was obtained by Hirano and Takahashi for an asymptoti- 
cally nonexpansive mapping ([3]). 

But above results are all the cases for existence of 


weak limit of cesaro mean. 
From the example of Genel and Lindenstrauss ([4]), it 


follows that there exists a nonexpansive mapping such 
CC-0. | i i i j j 
that the time Average does not PETES: R PHONE. 


S 
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Therefore, Pazy ([5]) gave some further assumes on 
the mapping in order to assure the strong convergence 
of cesaro mean. 

A corresponding result for a continuous one parameter 
semi-group of nonexpansive mapping S(t), ¢>0 was pro- 
ved soon after Pazy’s work by J.K. Kim and K.S. Ha 
([6]) and recently, J.K. Kim and K.P. Park proved the 
existence of strong limit of cesaro mean for anasympto- 
tically nonexpansive mapping ({7]). 

In this paper, we are going to prove the cesaro mean 


MNEs | S(é)x dt converges strongly to a common fixed 
0 


point F(S)=UF(S(¢)) for an asymptotically nonexpansive 
semi-group S(t), #>0. ; 

Furthermore, in the near future, we are going to 
study of the existence of strong limit of cesaro mean for 
an almost nonexpansive mapping. 


2. Main results 


Let H denote a real Hilbert space with inner product 
(-,+) and norm ||-|| which is induced by inner product. 

Let C be a closed convex subset of H and let {S(t): 
t=0} be a family of mapping from C into itself satisfying 
the following conditions: 

(i). S@+s)=S(¢)S(s) for all t, s>0 

(ii). S(0)x =Ix for all eC, l 
Gii). S(é)x is continuous in t=0 for all xEC, 


(iv). IS@)*—S() yil<a,llx—ylifor all x, yEC, 
where lim lL 


The family {S(t): t>0} is called an as 


nonexpanerve Public Domain. Gurukul Kangri Collection, Haridwa 


symptotically 
e semi- “group on Č. ee 
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Let F(S(¢)) be the set of all fixed points of S(t) in C 
for every ¢=0 and F(S)=UF(S(¢)) (common fixed point 
of S(t), #0. 

Let we define the cesaro mean: 


ern S(t)xdt for all «EC and 2>0. 


The following theorem is well known ([3]). 

TuroreM 1. ([3]) Let C be a closed convex subset of a 
real Hilbert space H. And let {S(t): £0} be an asympt- 
otically nonexpansive semi-group and for all-z in C, {S 
(¢)z} is bounded. Then the cesaro mean {A,x} converges 
weakly to a common fixed point p in F(S). 

Let B be a unit ball of /? it is shown that there exists 
a nonexpansive mapping T and a point x in B such that 
the cesaro mean does not converge strongly in Z2.: In this 
paper, we will prove that one has strong convergence of 
{A,x} to a common fixed point p of F(S) for an asym- 
ptotically uonexpansive semi-group S(t), t>0, adding 
suitable assumption. 

Proposition’ 2. Let C and {S(¢): £0} satisfy the same 
assumptions as in theorem 1. Then the F(S) is nonempty 
and it is closed and convex subset of C. 

Proor. In ([3]) FCS) is nonempty, closedness of F(S) 
is nonempty, closedness of F(S) is obvious. To show con- 
vexity, it is sufficient to prove that z=(x+y)/2 G F(S) 
for all x,y © F(S), we have 


ISS lers Sxl Laz xli =1/2g Ie — JI x 
ISL s yl =IS¢)2—S(t) YIL yli=1/2¢ lee 


E . S = Y 
Since Hilbert space is uniformly convex Banach space, 
Wwe have CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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ns SD all <1/20 —5 (2/e.) )allx—Yll 
and hence for t20, 


z=lim S(s)z=lim S(s+t)z 
S700 co 
=S(¢) lim S(s)z=S(#)2. 
§-0 


Lemma 3. Let C and {S(¢): 720) satisfy the same ass- 
umptions as in theorem 1. Then for each x in C and >0, 
there exists fo>0, such that for all f>to, there exists 
Ao>0 satisfying 


WA,x—S()A,xll<e for all 2220 


Proor. Since 
lAa = T IS(Qx—wirde 
-o [iS@2—A,xirdt 


for all x in C, u in H. 
If we set u=S(t)A,x, then 


lAs- S()AwIP=7 [ IS(s)x—S() Ayail2ds 
1 a 
~7 J ,IS(s)x— Ayal? ds 
for all t<2. Hence 
1 a 
AA SH Al = f ISC) S(t) Ayal? ds 
1 a 
|| JMS(s)x—A,xl? ds 
il a 
= J IS()x— A,r ds 


Op 
CC-0. In Public al eug Ramo Sheu ATA 


ee 
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+7f, ISs+)x—S@)A,xI2 ds 
TIS x dal ds 
<4 fIS(s)x—S() Ayal? ds 
=> E) 0 a 
Ant 
+ (a)? gale dP ds 
-3 fis(sy2—Ayelt? ds 
<> f ISt- S0) Aww? ds 


Aqat 
+(a?—1)4 f-IS(s)2—Ayall? ds. 


If we set d is diameter of {S(s)x: S>0}, then we have 
IS(s)x—A,xl? <d? for all a>0. By the hypothesis, for 
all e>0, there exists t>0 such that (a?—1) <5 for 
all t >t. Therefore 
TE LZ 2 È pe 
(1) f, ISt- Ayal? ds< So gas 


and there exists 2)>0 such that for all a>Ag 
+ f “WS(s)x—S(@) Aye? R 
Hence 


|A,%—S(¢) A EET 


Turorem 4. Let C and {S(t): £0} satisfy the assum- 
ptions as in theorem 1. If S(¢) is compact for all t>0, 


then Nemes S(¢)x dt converges strongly to a common 
0 
fixed point p in F(S) as Ao. 
Proor, CBY i Reinera CuudulkpnoeGaledippeeitwyeakly to a 


l 7 
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point p in F(S). Let {A;,x} be a subsequence of {A,x}, 
then since for all sC, {S(¢)2} is bounded {A,,x} is bo- 
unded. Hence, by compactness of S(t), there exists a 
subsequence {A,, YI of {A,,x} such that S(t) A,x% cons 


verges strongly to a point fo in C. Also by lemma 2., 
p—poll<lim A, SA, xio, uniformly in #20, 
J-e J j 


thus p=po. Therefore, we have 
lA, KHA, -SA SIHIS) An x— Dil | 


and also, it implies that {A,, x} converges strongly to 
J 


p in F(S) for all xEC. 

Tugon 5. Let C and {S(t): t20} satisfy the same 
assumptions in theorem 1. If (J—S(¢)) transfers closed 
bounded subsets of C into closed subsets of H, then for 
every x&C, {A,x} converges strongly to a common 
fixed point pEF(S) as Ao. i 


Proor. We will prove that every subsequence of {A, 
x} has a strongly convergent subsequence to a common 
fixed point of S(t), t>0. By theorem 1 {A,x} converges 
weakly to a point pEF(S). 

Let {A,x} be a subsequence of {A,x}. 

First case, if there exists a subsequence LA, x} of 

j 
{A,,x} such that A, x EF(S) for all integer j, then 
{4,, %} converges strongly to a point pEF(S). Second 
case, if there has no subsequence {A x} of {4%} 
with Ai, x&F(S) for some 7 we can assume without 
loss of generality that A, xE F(S) as a KO 
Therefore GEO. 16 Chip omnes Guruk Kag CYN iowa let G= 


a _ 


nn ean 
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{A;, x: k=1,2,3---,} (strong closure of {A,,x}) then G 
is closed and bounded set, Hence (J—S(t))G is a closed - 
set by assumption. By lemma 3, since ; L BLD, + 
converges strongly to 0, uniformly on t>0, we have, 


UGL BLDG L BLDG. 


Hence there exists an element peZ such that (J—S(t)) 
p=0. Since (I—S(#)) Ai, x40, pE{4, x}. Hence p is an 
element of the derived set of {4,2%}, and so there exi- 
sts a subsequence LA. Y) of {A, x} such that Lda 2) 


converges strongly to a point p in F(S). This is the 
complete proof of the theorem. 
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SOME REMARKS ON ISOLATED SINGULARITIES 


Byunc Kyoo Syon 


1. Introduction 


Let D(a;r) be the open disc with center at a and rad- 
ius r in the complex plane, and D’(a;r) be the punctu- 
red disc with center at a and radius r. We denote by 
H(G) the class of all holomorphic functions in a plane 
open set G. The letter G will from now on denote a plane 
open set. 


Dirinition. If a&G and fEH(G—{a}), then f is said 
to have an isolated singularity at the point a.If f can be 
so defined at a that the extended function is holomorphic 
in G the singularity is said to be removable. 

If a&G and fEH(G—{a}), then one of the following 
three cases must occur[4, p. 227]: 

(a) T has a removable singularity at a. 

(b) There are complex numders ci e Cas Where m is 
@ positive integer and c,+40, such that 


I@ = st, (z— m 


k=1 
has a removable singularity at a. 
(c) If r) 0 and D(air) CG, then f(D’(air)) is dense in 
the plane. 
In case (b), f is said to have a pole of order m at a. 


The function zolz- a)“, a polynomial in (z—a)™, is 
CC-0. 4@ Public Domain. Gurukul Kangri Collection, Haridwar 
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called the principal part of f at a. In case (c), f is said 


to have an essential singularity at a. 
In this note, we investigate some properties of isolated 


singularities. In section 2 we find simple conditions on f 
that are equivalent to the statement that f has @ remo- 
vable singularity at a (and similarly for poles and esse- 
ntial singularities). In section 3 we consider the exte- 


nded complex plane Ca. 
2. Isolated singularities. 
We begin with the following theorem. 


Turorem 1. If @€&G and fEH(G— {a}), then the foll- 
owing statements are equivalent: 

(a) f has a removable singularity at a. 

(b) f(z) approaches a finite limit as z—a. 

(c) lim (z—a)f(@)=0. 

(d) The Laurent expansion of f about a has no negative | 
powers. 


Proor. (a) implies (b): Let g be the holomorphic ext- 
ention of f. Since gis continuous at a, it follows that 


limf(2)=limg(z)=g(a); 
hence f(z) approaches a finite limit as z>a. 


(b) implies (c): Obvious. 
(c) implies (d): The function g defined in G by 


Poe YA) if EAD 
Uf BOs © 


is continuus, KH; BB dain kakapi coudavorGHarign}r, Then it 
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follows from a theorem [2, p.31] that £EH(G). Thus 


ge) == c„(z—a)" (ZED (a;r) CG). 


Consequently we have y 


f(a) = C 41(2—a)" (2ED' (a;r) CG). 


(d) implies (a): Let f(z) = C,(z—a)" be its Laur- 
n=0 


ent expansion in D’ (air) CG. Then the function g def- 
ined in G by 
F) if 2a, 
SLS) = 
Gy if BG. 
is holomorphic in G and agrees with f in G— {a}. 
L We consider now the characterization of poles. 


THEOREM 2. If a&G and fEHAH(G—{a}), then the foll- 
Owing statements are equivalent: 

(a) f has a pole at a. 

(b) lim f(z) < eo. 


(c) There is @ positive integer mand a gE H(G) with i 
g(a) 40 such that f(z) = (z—a)-" g(z). i 

(d) There is a positive integer m such that(z—a)"f(z) 
approaches æ finite nonzero limit as z=. 

(e) The Laurent expansion of f about a has a positive 
but finite number of negative powers. 


Proor. (a) implies (b): Let = Cy (2—a)"* be the prin- 


cipal part ef raruticcandaibetumkbe<éiys Grodcinoriphiver extension 
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of f(z—a)“* - Since Cn # 0 and g is continuous at aq, it 


follows that 
lim (2) Dn ¢,(z—a)* RUST, 


(b) implies (c): Let M be a positive Za number. Since 
limf(z)= co, there exists 7)0 such that D(air) CG and 


[f(z)|=>M whenever sU (a;r). Then 1/fEH(D’ (a;r)) 
and lim [f(z)] =0. Hence, h(z)=[f(2) J} for z#a and 


h(a) =0, is holomorphic in D(a;r). However, since h(a) 
=0 it follows that h(z)= (z—a)”hı (2) for some hic H 
(D(asr)) with kı (a)40 and some integer m>1. Define 
g(a)=1/m(a), and g(z)=(2—-a@)"f(z) in G—{a}. Then 
gGH(G), f(2)=(@-a)"g(z), and g(a) #0. 
(c) implies (d) : Obvious. | 
(d) implies (e) : If (¢—a)"f(z) approaches a finite l 
nonzero limit, then (z—a@)"f(z) has a removable singu- 
larity at a by THEOREM 1. 


Hence there exists 7)0 such that D(a;r)CG and 
(2—a)"f@)== c,(z—a)" (9740, 2D’ (ai7)), 
so we find upon dividing by (z—a)” that the Laurent 


expansion of f about a has a positive but finite number 
of negative powers. 


impli E 
(e) GADE M, Let Pal cy Fcc) uba 07 be T 
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Laurent expansion in D’ (a;r) CG. Define g(a) =co and 


ST C, (2—a)”" in D’ (air). Then gCH(D(a;r)), 
and hence 


has a removable singularity at a. 
For a more detailed discussion of isolated singularities, 
we consider the conditions 


(A) lim| z—a f(z) =0, 


(B) liml z2—al'f(z) =00, 


where s is some real number. 


Lemma 3. Let f have an isolated singularity at a and 
suppose f #0. If either (A) or (B) holds for some real 
numder s, then there is an integer m such that (A) holds 
if s)m and (B) holds if s(m; furthermore, f has a rem- 
ovable singularity at a if m<0 and has a pole at a if 
my0. 


Proor. If (A) holds for a certain s, then it holds for 
all larger s, and hence for some integer p. Then (2—a)? 
f(z) has a removable singularity at a. Suppose "eS HC D" 
(asr)), and let g be the holomorphic extension of (z—a)? 
F(z). Since g(a)=0 and g#0, there exists a unique 
Positive integer k such that 


g(2)=(z—a)" LST @EDGr)) 
where g, EH(D(a;r)) and gi(a)40. Hence we have 


(1) lim! z—a f(z) =lim|(z—a)'**"’g; @) | 
ČČ-0. In Public Domain. Gutifkul Kangri Collection, Haridwar 
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{0 if syp—k 
S s(p—k: 


60 


ee To oe d 


Thus (A) holds for all sn Dh, while (B) holds for 


all s(m. 
Assume now that (B) holds for some s; then it holds 


for all smaller s, and hence for some integer 2. By The- 


orem 2, there is a positive integer p and a gı GEH(D(a; 
r)) with g:(a)#0 such that ' 


(z—a)"f(2) = (2-4) "82(2)- 
Put m=n-+p- Then we have 


(2) lim| 2—a'f (z)|=lim|(z—@)'""g2(2)| 


(0 if s)m 
~ \ co if stm. j 
Finally, suppose m<0. Then, by (1) and (2), we have | 
lim(z—a) f(z) =lim (2—a)*" giz) =0 (¢=1,2), 


and hence f has a removable singularity at a. If my0, 
then 


limf (2) =lim(z—a)* g (2)=co (é=1, 2). 
Hence f has a pole at a. 


THEOREM 4. If a&G and FEAMG— (a}),. then the foll- 
owing statements are equivalent: 

(a) f has an essential singularity at a. 

(b) f(z) does not approach a finite or infinite limit as 
2a, CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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| (c) The Laurent expansion of f about a has an infinite 
number of negative powers. 


(d) Neither limlz—al'|f(2)|= 0 nor lim|z—al'lf(z)|=00 | 


holds for any real number s. 
(e) To each complex number w there corresponds a 
sequence {z,} such that z,-a@ and f(z,)—> w as n—00, 


L Proor. The equivalence of (37: Chand (c) follows from 
Theorem 1 and Theorem 2. By Lemma 3, (a) implies (d). ` 
And (d) implies (a), by Theorem 1 and Theorem 2. Thus 
it suffices to show that (a) is equivalent to (e). 

Suppose (a) holds. Choose 6)0 such that D(a;1/6)CG. 
Then D(a;1/6+”) CG for m=1,2,-+. Choosew,€f (D’ (a31 
/i-+-n)) (\D(ws1/m), and choose z, €D’(a31/6+m) such 
that f(z,) =w, Then z,-a and f(z,)—w;hence (e) holds. 

Conversely, assume that (e) holds. Suppose D(a;r)G 
G. Let U be a nonempty open set, and choose a point 
weEU with w f(a). Choose 6)0 such that D(w;d) CU. 
Let {z,} be a sequence such that z,-a and f(z )>w. 
(Since w f(a), z, Æ a for infinitely many ~). Then 
there exists an integer N such that 0<|zy—a|<r and |f (zx) 
~w|6. Thus f(2zv)E f(D’ (asr)) QU. Since U is anarbit- 
rary open set, it follows that f(D’(a;r)) is dense. 


—— 


3. The extended complex plane. 


For many purpose it is useful to extend the system LC 
of complex numbers by introduction of a symbol co to re- 
present infinity. For any r)0, let D’ (œ;r) be the set of 
all complex numbers z such that |z|>7, put D(oir) =D 


iS r) U Leod 9, mP RL La E Chd Elects, „topologized in 
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the following manner: 
A subset of Cə is open if and only if it is 


DEFINITION. i 
where the a’s are arbitrary 


the union of discs D(4;r), 
points of Ce and the r’s are arbitrary positive numbers, 
TyeoreM 5. Let r be the topology as in the above defi- 
nition. Then UEr if and only if U is an open subset of 
C or C.-U is a closed compact subset of C. That is, the 
set Ca with the topology r is the one point compactific- | 
ation of C. 
Proor. Suppose UEr. IfooeeU, it is clear that U is an 
open subset of C. Suppose oo€U, and let U=UD (a;r). 
If a€C; then D(a;r)‘ is a closed subset of C. And D(a; 
r)* is a closed bounded subset of Cif a=oo. Consequently, 


C.—U= 9 Dla;ir) a i) U(a;r)° 


is a closed bounded subset of C; hence C..—U is a closed | 
compact subset of C. 
Conversely, suppose that U is an open subset of C or 
C..—U is a closed compact subset of C. If U is an open 
subset of C, it is clear that U&r. If C.—U is a closed 
compact subset of C, then C.—U is a bounded subset of 
C. Thus there exists 7)0 such that|z| < r for every 2E 
C.—U, and so D(co;r)CU. On the other hand, C—(Co— 


U) =C(U is an open subset of C. Hence CQU=UD (a; 
Ta), and so 


U=(CMU)U {co} = UD(a3r.) UD(oo3r). 
Consequently UEr. 


We note that the extended complex plane Ce is homeo- 
morphic £0, 4, SRALEnalModaklixeghomeambaphism p of C- 


_— 
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onto the unit sphere (where equation in three-dimensio- 
nal space is xı? + x% + x =1) can be explicitely exh- 
jbited : put p(co)=(0,0,1). and put 
olz) = (2%/[2|?-+1, 2y/lzl/?+1, 12/21/1212 +1) 

for all complex numbers z=x%+/y [1,p. 18:3, p.9]. p is 
called a stereographic projection. 

The behavior of a complex function f at co may be 
studied by considering f(z) = f(1/z) at 0. It is clear 


that fEH(D’(cosr)) if and only fEH(D'(0;1/r)). The 
formal definitions are as follows; 

Derinition. If f is holomorphic in a punctured disc D’ 
(œ;r), we say that f has an isolated singularity at oo. 
We say that f has a removable singularity, a pole, or 
an essential singularity at oo if f has, respectively, a 
removable singularity, a pole, or, an essential singular- 
ity at 0. 

Tueorem 6. Let f be an entire function. Then 

(a) f has a removable singularity at oo if and only if 
it is constant. 

(b) f has a pole at œ of order m if and only if itis a 


polynomial of degree m. 
(c) f has an essential singularity at oo if and only if it 


is not a polynomial. 


Proor. (a) It is clear that every constant function has 
a removable singularity at oo. Conversely, suppose that 


f has a removable singularity at oo. Since f has a rem- 


sable singularisyiaboMain’ SEARRE ches 4 finite limit as 


i E E EE S 
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20. We define f(co) to be this limit, and we thus see 


that f is entire on Ce. Since ‘Ca is compact, f is bounded, 


Hence, by Liouville’s theorem, f is constant. 


(b) Suppose f has a pole of order m. Then f(z) mS | 
| 


oa TO 0) has a removable singularity at 0; hence g(z) 

= f(z) A has removable singularity at oo. Since g 
k=} 

is entire, it follows from (a) that g is constant. Thus 


fis a polynomial of degree m. Conversely, suppose that 


ee 


{@ = oea" (C,740) is a polynomial of degree m. Then 
k=0 


KA= POG O a a +92" 


is an entire function and h(0)=c,40. Hence f has a po~ 
le at co of order m, by Theorem 2. 
(c) Immediate from (a) and (b). 
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ON SEMI-CLOSURE STRUCTURES AND TOPOLOGICAL 
MODIFYING STRUCTURES 


Bae Hun Park AND Woo Cuort Hong 


j. Semi-closure structures 


Let X be any non empty set and A(X) the power set of 
X. A function u:P(X)>P(X) is called a semi-closure 
structure [3] on X if satisfies the following four condi- 
tions; 

1) u($)=ġ, 

2) ACu(A) for each AC F(X). 

3) ACB > u(A)Cu(B) for each A,B EP(X), and 

4) u(A)=u(u(A)) for each AE A(X). 


A pair (X,u) where u is a semi-closure structure on Xx, 
is called a semi-closure space. These concepts are genera- 
lizations of the more familiar Kuratowski closure opera- 
tor and topological spaces, respectively. For a convini- 
ence, we shall agree to use w as {AC X| u(X—A)=X— 
A}. Clearly, a semi-closure structure w is satisfied 

i) X,¢ © w and ii) for every AEZ iEl, UA EY, 


but the finite intersection of elements of % is not an 
element of w, in general (A family æ of subsets of X 
Satisfying the above conditions i) and ii) is called a 
Pretopology [1], a supratopology [2], or a semi-topology 
[6] for X.). 

The concept of semi-closure structures is motivated by 
the followie@o.oxeunigtessin. Gurukul Kangri Collection, Haridwar 
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EXAMPLE l.l. Let (X, gF) We 2 topological space 
and — and 0 denote the closure operator and the interior 
operator in X, respectively. Then 
GF *={ACA|ACA‘}, 
7'=(ACX|ACA}, and 
Ft={(ACX|ACA™T} 

are pretopologies but not topologies for X(1,5]. 

Exampte 1.206]. Let X and Y be any two non empty 
sets and # a subcollection of {f| f:X—Y is a function}. 


Let K(f,g) denote the coincidence set of f and g, cons- 
isting of all points x&X such that f(x)=g(x). Define 


u.P(X)-F(X) by 
wA)=N{K, 8) | Kg) DAL SEF}. 
Then if N KG, g)=¢, then wis a semi-closure structure 
on X. 
Moreover, if Y={0,1}, then the above semi-closure 
stucture u is a Kuratowski closure operator. 


Example 1.3 [8]. Let X be any non empty set and 
G and ¢ denote a transformation group of X and the 
equivalence relations of X, respectively. Then between 
the complete lattice Z (the set of all subgroups of G) 
and the complete lattice ¥ there can be established a dual 


(inverse) Galois connection[7] Gee such that 

1) o(A)={a~b| f(a)=b, for some fEA} for each sub- 
group A of G and 

2) t(~)={fEG| f(*)~x, for any x&X} for each ~E®. 
By the Gafots"€dRheet GU ST aI Wein STD ve that if 
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o(¢)=¢ and t(¢)=¢, then or and co are semi-closure 
structures on Y and Z: respectively. In[7], these stru- 
ctures oc and co are called closure operators. 


9. Topological modifying structures 


Let X be a non empty set and let r be a collection of 
semi-closure structures on X[3,4]. I is called a topolo- 
gical modifying structure on X if for each A,B < P(X) 
and for each u,v e ©, there exists an element w in r 
such that u(A)Uv(B)D w(AUB). Let (X,u) be a 
semi-closure space. We let 9,(*)={ACX: x ¢ u(A}. In 
a topological space (X, u), ,(x) is clearly the neighbo- 
rhood system at x in (X,z) for each x e X. 


Remark. (1) If a topological modifying structure P on 
X has only one element uw, then u satisfies the Kurato- 
wski closure axioms. From now on, we shall agree to 
use y as the unigue topology for X determined by u. 

(2) Any collection of semi-closure structures on X is 
not a topological modifying structure on X, in general, 
as shown by the following example A. 

(3) Any collection of topologies for X which has at 
least two elements is not a topological modifying struc- 
ture on X, in general, as shown by the following exa- 
mple B. 

Example A. Let (X,.7) be a topological space and and 
denote the closure operator and the interior Operation in 
x; respectively. Then 

FI AEX AGA). 
FJ *={ACX: AGA) and 
CC-O. In FepPlie Domalp-Gyruku/ sang, Cellection, Haridwar 
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5], but not topologies for X. If w, 


are pretopologies Cl, - 7 
tructures on X determined by 


v, and w are semi-closure $ . 
g“, 7, and TF"; respectively, then r= {u,v, w} is not a 
topological modifying structure on Xx. 

Bxampte B. Let X=({a,b,¢} and u={X,¢, {a}, {a, d}} 
and v={X, ¢, {b}, Lb, c}}. Then u and v are topologies for 
X and u{c} U vla}={a,c} D ula, c}=v{a, c}={a, b, c}. 
Therefore r= {u,v} is not a topological modifying struc- 
ture on X. 

THEOREM 2.1. Let rbe a topological modifying struc 
Eme on a set X. Then Uo.) is a neighborhood system 


at x, for each x e X. That is, I determines a topology 
Tir for X. l ~ 
Precor. 1) Set N,=U9.(%) and let Aec N,. Then there 
NET 


Gs uer such that x ¢ LAO, Since A" C ulA°), x C A’ 
and thus x e A. 

2) Let A and B be two elements of N,. Then there are 
u,v e r such that x ¢ u(A‘) and x ¢ v(B*). Since P is a 
topological modifying structure on X, there exists w € 
rsuch that x ¢ u(A) U 0(B) Dw(AUBS =w CAN 
B)*). Now we have x ¢ w((AfB)‘) and thus ANB e N.. 

3) Let Ae N, and ACBCX. Then there exists uel 
such that x ¢ u(A‘). Since ACB, B A’ and u(B)Cu 
(A’). It follows that X ¢ u(B‘) and thus Be N.. 

4) Let Ae N.. Then there exists u e P such that X 
¢u(A‘) and we have x e X-u(AS)CA. Let B=X—u(A’). 
Then we shall prove that i) B e N, and ii) A e N,, for 


each y e B, that is, for each y s B, yg w(A‘) for some 
w eT. CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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i) Since w is a semi-closure structure on X (i.e. we r), 
vR =u (X—u(A))")=u(u(A‘)) =u(A’). Since x ¢ uld’), 
x ¢ u((X-u(A‘))*) and thus B=X—u(A‘) e N. 
ji) Since BANu (A‘)=¢, y ¢ u(A‘) and thus AeN, for 
each y L B. 

The proof is complete. 


TuroreM 2.2. Let (X,7) be a topological space and 
let 7 be a collection of semi-closure structures on X such 
that 7 er and for each u e/,uC.7. Then, 


(1) ris a topological modifying structure on X. 

OQ) Gas 

Proor. (1) Let w be the closure structure on (X,.7). 
For each v,w e P and for each A,B e A(X), 


u(A)Uw(B)D u(A)Uu(B)=u(AUB). 
Thus 7 is a topological modifying structure on X. 

(2) Let A be a neighborhood of x in (X,.7,). Then there 
exists an element v in P such that x ¢ v (A‘). Since v 
(A)Du(B) for each A e F(X), x ¢ u(A‘). Thus A is a 
neighborhood of x in (X,.7). Conversely, let A bea 
neighborhood of x in (X,.7). Then x ¢ u(A‘) and thus 
A e o(®)CU (x). Therefore A is a neighborhood of 


xin (X,.7,). 
The proof is complete. 
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REPRESENTING MEASURES RELATED TO ALGEBRAS 


YEONG-MAN NAM 


The theory of representing measures is historically the 
first subject discussed in the representing theory of com- 
plex homomorphism. A major motivation for the study 
of it stems from an attempt to specialize the Riesz rep- 
resenting theorem to non—selfadjoint algebras. For the 
function algebra, one of the useful features of boundary 
problems is that each complex homomorphism of the 
algebra can be represented as integration with respect to 
a positive measure. Though there are many methods in 
solving boundary problems, one of the particular methods 
is representing measures in complex C" space. 

Recently, K. Hoffman and I. Singer discussed measures 
and the Silov boundary in paper[1], in particular, H.S. 
Bear[2,3] foreshowed methods which treat the relation- 
ship between any measures and pervasive subalgebras of 
the maximal function algebra and showed the structure 
of such measures[4]. W.Rudin[5] proved the representing 
measure for the ball algebra and connected with Lum- 
mer’s Hardy space with respect to the annihilating 
measure in [6]. 

Now let B be the open unit ball in complex C” space 
and A(B) be the ball algebra of B which is the class of 
complex continuous functions on S (the boundary of B) 
and holomorphic in B, then the Hahn-Banach theorem, 
Riesz Seprene Puye Pie One ae the Silov 
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Digitized by Arya Samaj Foundation Chennai and eGangotri 


72 Yeounc-MAN NAM 


boundary yield the following facts; For any bounded 
linear functional ¢.on A(B), there exists a complex 
measure m, with respect to d such that 


=l T dms 


for all f in A(B) and Iġl= lms ll, such m, is called a 
representing measure for ¢. If, moreover, it is a proba- 
bility measure associated linear functional ¢ on A(B), 
m, has the property é(1)=II¢ll=1. Besides the Silov 
boundary is the smallest compact Hausdorff space on 
which the algebra A can be realized as a closed separa- 
ting algebra of continuous functions. 


1. The uniqueness of representing measures 


Let X be a compact Hausdorff space in C” and A be 
the function algebra on X. In the case of greatest inter- 
est to us, X will be S and A will be A(S), the restric- 
tion of the ball algebra A(B) to the boundary S of B. 
Then we have the following facts by the consequence of 
the maximum modulus theorem. 


Proposition 1.1. Two algebras A(S), A(B) are isome- 
trically isomorphic Banach algebra. 


Proposition 1.2. Each function algebra A on X is closed 
in the sup-norm topology, contains the constants and 
separates points on X. 

Since ¢(f) is non-negative for any continuous function 


fon B, 0<f<1, and |Il-fil<i1, |6()—¢(f)|<1, so we 
claim the following fact. 


Lemma 1G99. IhfPupliciBowain Grek Kaifeng rA (B) and 
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dndi). the associated measure is a probability me- 
asure. ae 
It follows that any representing measure for ¢ is a 
probability measure. In above argument we could replace 
B by any closed subset B’ of B such that l6(f)|<sup 
B’ 


|f| for f in subalgebra of A(B). Such a set we call a 
support set for ¢, since itis a set which support a 
representing measure for $. The difference of any repre- 
senting measures for the linear functional ¢ on A(B) is 
always orthogonal to the ball algebra A(B), so the foll- 
owing fact is satisfied. 


Lemma 1.4. Let ms, us be any representing measures 
for ¢, then the difference of ms, u, is a real measure 
on B. 


Though the uniqueness of representing measures is not 
guaranteed but we claim the following theorem by the 
consequence of the above facts and properties of the Silov 
boundary. 


THEOREM 1.5. If there is no non-zero real measure on 
the Silov boundary which is orthogonal to: the ball alge- 
bra A(B), then each ọ in the maximal ideal of A(B) has 
a unique representing measure. 

Any algebra is a Dirichlet algebra on B if and only if 
no non-zero real measure on B is orthogonal to A(B). 
This implies the following fact. 


Turorem 1.6. If the ball algebra A(B) is a Dirichlet 
algebra on its Silov boundary, then each linear functional 


oi - S : : 
n the maximal ideal of A(B) has a unique representing 
Measure, CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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PROPOSITION 1.7. Representing measures are unique for 


every complex homomorphism of H’ for p=oo. Since He 


possesses a property which is very close to the Dirichlet 


property. 
2. Some properties of M 


Now M is the class of those representing measure m, 
on the sphere S which is the boundary of the open unit 
B in C” that satisfies 


) on=f f dm, 


for every f in A(B). When n=l, M has exactly one 
member, namely normalized Lebesgue measure on the 


unit circle. 


Lemma 2.1. M is a convex set and weak -compact. 


Lemma 2.2. M also has the corresponding weak*-topo- 
logy. In general, it turns out to be a very large set 
when n>]. Moreover the members of M are the circular 
probability measure m, on S, these satisfy 


J 2%) dm &=f v dm 


for every v in the class of continuous function C(S) on 
S for every real 0. 


To see some others, take m=2, for simplicity. Let mM. 


be any probability measure on U(U: open ball in C?), 
then the following fact is satisfied. 
Proposition 2.3. For every g in A(U), 


ls dm=$(g). 
CC-O. I Public Domain. Gurukul Kangri Collection, Haridwar 
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For example, m, might be concentrated on a simple 
closed curve in U that surrounds the origin, in such a 
way that m, solves the Dirichlet problem at 0 relative 
to the domain bounded by a simple closed curve in U. 


Then the measure m satisfies; 


Turorem 2.4. If the measure m, satisfies the following 


equation 
gs lS (eee Ra 
fe dmy= | dm. (2)>7 N 0LS,6T ISI do, 


then m, belongs to M for every v€@C(S) and 2&0. 


Proor. To see this, simply note that the inner integral 
on the right side of the theorem 2.4, with v replaced by 
fin A(B), equals f(z,0). The support of this m, is the 
set of all (z,w) in S for which z lies in the support of 
Me 

Furthermore the set M plays a role in the study of the 
Lumer’s Hardy space (LH)’(B) on the open unit ball B. 
First we introduce the definition of this space. 


Derinition. The Lumer’s Hardy space (LH)’(B) is the 
class of holomorphic in B provided that |f|’ has a pluri- 
harmonic majorant in B, i.e., provided that |f|’<Re g 
for some holomorphic g in B for 0<p<co. 

We now list some consequences of the (LH)’(B) space. 
Since (LH)*(B) contains a closed subspace that is isomor- 
phic to /® and lies in H=(B), it follows that A(B) is 
Separable in the norm topology of (LH)’(B). 

Proposition 2.5. (i) (LH)*(B) is not separable and 
A(B) is dense in (LH)? (B) 

Gi) (LH 22GB) risianohaisomanphigi theaioklilhers space. 
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- To see the connection between M and (LH)?, associ. 
ate to every continuous real function v on S, the numbers; 


~ a(v) =sup of v dm: vireal continuous on S, m EM} 
S 
B(v)=inf {u(0): ake A(B), u>v on S}. 
Since every m, in M satisfy Ke f dm, with Re f in 


` place of f, it is clear that a(v)<B(v). The converse 
inequality is proved in [7]. So we have the remark as 


following: 


Remark 2.6. The preceding numbers a(v), (v) are 


equal on S. 


This remark and above facts imply the following. 
THEOREM 2.7. A holomorphic f in D lies in (LH)?(B) 
if and only if 


sup l. LOP dm,<oo 
r.mv S$ 
where 0<7<1, m,;EM. 


3. Representing measures on the Silov boundary : 


_ Our discussion of maximal subalgebras of C(X ) has not 
involved any detailed information about the relation of 
the compact Hausdorff space X to the algebra A. Further 
discussion requires the introduction of the maximal ideal 
space and Silov boundary for A. 

Let A be a closed subalegbra of C(X), as usual conta- 
ining the constants and separating points. The space of 
maximal ideals of A is the set M(A) of all non-zero 
complex linear functionals on A which are multiplicative. 
Each suckcmultipbicatimcsutunctiensbiecton, Haitematically of 
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norm 1 and we give to M(A) the weak topology. which 
it inherits as a subset of the unit shpere in the conjugate 
space of A. The space M(A) is the largest compact Ha- 
usdorff space on. which the algebra A can be realized as 
a separating algebra of continuous functions. 

In M(A) there is a unique minimal closed subset (A) 
on which every function in A assumes its maximum 
modulus. We call r(A) the Silov boundary for A[8]. 
Since each function in A assumes its maximum on r(A) 
we may regard A as a subalgebra of C(r). The minima- 
lity of r(A) we may regard A as a of C(r). The mini- 
mality of P shows that 7 is the smallest compact Haus- 
dorff space on which A can be realized asa, closed 
separating algebra of continuous functions. So we can 
define the representing measure m, on the Silov boundary 
r like the preceding methods as following. If z@M(A), 
there is a positive measure m, on P such that 


O dm; 


for every f in A. This representing results from the fact 
that any continuous linear functionals on CL which has 
norm 1. To apply to the representing measure, let us 
make the following definition. 

Derinition. The algebra A is called pervasive if A is 
a pervasive subalgebra of C(/). | 

It follows that if A is a pervasive subalgebra of C(X) 
then X=r but A may be pervasive on land not on X. 

Tarorem 3.1. Let A be a pervasive subalgebra of C(r), 
let 2@M(A)-r and m, be any representing measure on T. 
Then the choset Rhip pontin cfuryiay Kis get blleafion! Haridwar 
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Proor. Let K be the closed support of m,.Suppose K ig 
a proper closed subset of T. Since eo ler dm., 
|£(2)|<sup lfl, 
K 


and since A is pervasive the measure m, defines a multi- 
plicative linear functional on C(K). Thus ms must be a 
point mass, which is absurd since 2¢/. 


Corottary 3.2. Let A bea pervasive subalgebra of 
C(r) and let f be a function in A which has norm 1. If 
there is a point z@M(A)-r such that |f(z)|=1, then f 
is a constant. 


Proor. Choose a representing measure m,. Since m, has 
mass 1, |f/<1, and 


(Lall f f del, 


it is clear that f(x)=f(z) for all x in T. 


Of course Theorem 3.1 and its corollary hold for essen- 
tial maximal algebra. We have stated them for perva- 
sive algebra to emphasize once again that the pervasive 
property of maximal algebras is the fundamental one. 


Proposition 3.3. Let f be a function in A which has 
norm 1, and let K be the subset of M(A) on which f=. 
Let Ax be the algebra obtained by restricting A to the 
set K. Then A, is closed and 

i) M(A,y)=K 

ii) If z&K, then any representing measure m, iS supp- 
ort on KAT. 3 
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ON EXISTENCE OF FIXED POINTS IN 
'2-METRIC SPAECS 


YEO” JE Cyo 


In this paper, several fixed point theorems for a pair 
of mappings of a (S, T)-orbitally complete 2-metric space 
into itself are proved. In [2] and [6], L.B. Ciric and 
R.E. Smithson introduced the concepts of orbital comp- 
leteness and, orbital contiņuity of mappings on metric 
spaces and K. Iseki extended the concepts of orbital 
completeness and orbital continuity of mappings on 
metric spaces and K. Iseki extended the concepts of 
orbital completeness and orbital continuity to 2-metric 
spaces ([3]). Especially L.B. Ciric proved the following 
theorem ([2]) : Let (X,d) be a T-orbitally complete 
metric space and a mapping T of X into itself be orbit- 
ally continuous. If T satisfies the following condition: 


“min {d(Tx, 7), d(x, Tx), dy, Ty))—min{d(x, Ty), 
a(y, Tx)} <ad(x, y) 


for every'x,y in X and for some a (0<a<1), then for 
each xo in X, the sequence {Tx} converges toa fixed 
Point of T. 

Motivated by this result of L.B. Ciric, J. Achari D, 
K. Iseki ER and S.N. Mishra (5) extended this res- 
ult to multivalued mappings on metric spaces and 2- 
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common fixed point in X: 

Proor. For given “o in X, consider the orbit of S 
and T at the point xa 0 0(%, S, TI luy, %1=S%, X= 
Wisi 2p =T%on-1) %2nt1 =S X2m eve} If, for some m, 
aT Sand- T have a common fixed point x, 
Æ Yat for all m=1, 2,3, 
and N Yaari We have 


Nm == m+ 19 
in X. Thus we suppose that Xm 
From the condition (A), for X=Xaen 
min{d(Sxon, TXanti Zz), A(Xany S¥any 2)» 
drastis Trat 2), HHE EEE 
o TEL : 
+kmin{d(%2n, iis Bb A(Xent1, S%on) 2) 5 
dlx, Trans 2), dL Tras TS%2n) 2)} 
Sad (Xan, Xantt, 2) 


or 


min{d (%an+1, Xant2) z), d (Xon Xan+ly z)} 
<ad (Xan, Xontl) z) 


for every non-negative integer v. Since (X,d) is a 2- 
metric space, d(%2n, Xan+1; 2) Æ 0 for some z in X. Hence 
if d (Xan, Xanti, 2) d Lais Tati 2), then we have d 
(Won) Xanti 2) Sad (Xan, Xenr1, 2) for aŒ (0,1), which is 
impossible and so we have d(%ani1, Xont2, 2) <ad LKS : 
Knit) 2). Similarly, we have (Xan, Xanti, 2) <0 (X271 
Yon, 2). Therefore dläm; Xmety 2)<QG(%ma1y Xm, 2) TOT 
every non-negative integer m and hence since d (Xo, %1» 
Xm) < A(X, Xi, %m-1)+d (Xo, Tachs Xm) td Lan Xi Xn) = 
d(%o, Tir Xm) Fd in, SG Xa) +d (my. X Xmely %1), WE have 


d(Xo, Xi, Xm) <d (xo, Xi, Xm-1) +a) Oa Xoy De 


Kd LX; Xos XU sd Ln, XL Lm- -1) 4 
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<d(Xo, %1, X2) 
<ad(%o, Xo, %1) 
=0. 
m-n-2 
Therefore, from d(%n, Xa, 2)< 2 Om, Xats Xnteri) + 


men-l 


Yi d( Kathy Latetls De qa Am, Xi, 2)+a(%, xi, Z)), 
k=0 c 

it- follows that {x,} is a Cauchy sequence. Since (X, 
d) is a (S, T)-orbitally complete, {x,} converges to some 
point u in X. Using the sequential continuity of S, we 
have 


0<d(u, Su, 2) 
<d(u, Su, Xon+1) +d (u, Nantt, Z) Fd (Xanti Su, 2) 
=d(u, Su, SXon)+-d(u, Xanti, 2)-+d(S%2,, Su, 2) 


— 0 as n>. 


Therefore d(u, Su, z)=0 for all z in X. Thus u isa 
fixed point of S. Similarly, u is also a fixed point of 
T, that is, w is a common fixed point of Sand T. Next, 
let k>a and to prove the uniqueness of a common fixed 
point of S and T, let u and v be common fixed points 
of S and T. Since (X,d) is a 2-metrics pace, there exi- 
Sts a point w in X such that d(v, u, w)4 0, For this 
w in X, 
min {d (Sv, Tu, w), dw, Sv, w), dlu, Tu, w), 
d(Sv, TSv, w), dlu, TSv, w)} 
tkmin {d(w, Tu,w), d(u, Sv, w), dw, STu,w), 
d(Tu, TSv, w)} 
Sad(v, u, w) 


i 
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Before going our main theorems, we need the follo- 


wing definitons: 

megapro J. In a 2-metric space a) if ad 5 
z) converges to 0 for all z in X as m—>00, we Say that 
a sequence {x,} in X converges to x and x is called the 
limit of this sequence. 

DEFINITION 2. In a 2-metric space Xid) if HT 
x zZ) converges to 0 for allzin X as m, n=>œ, we say 
that a sequence {%,} in X is called a Cauchy sequence in 
X. If every Cauchy sequence is convergent, X is called 


complete. 


DEFINITION 3. Let Sand T be two mappings from a 
2-metric space (X,d) into itself. For any Xo in X a 
sequence Dra S, T)={%o=%, %1=S%o, o= T Xi" Xan= 
TPR HO ZT } is called an orbit of S and T at 
the point x) in X. 

DEFINITION 4. A 2-metric space (X, d) is (S, T)- 
orbitally complete if every Cauchy sequence contained in 
the orbit of S and T at some point converges in X. 


If S=T in Definition 3, then 0(%, S, T) is called an 
orbit of T at the point x) in X, and a 2-metric space 
(X,d) in which every Cauchy sepuence contained in the 
orbit 0(%, T, T)=0(%, T) converges is called T-orbitally 
complete. 


Remark 1. Every complete 2-metric space is (S, T)- 
orbitally complete but the converse is not true. For 
example, Let X=(0,1]*(0,1] and define a 2-metric d on 
X by 
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1 
d(x, Y, Z) =-5abs M1 Yo I 
2, 22 1 


for every x=(%), %2), N LU, Y2) and 2> (zi; 22) in X. Let 


sH 


MED , 21) and S(x, y)=(x, y) for every x, 


yin X. ae a 2-metric space (X,d) is (S, T)-orbitally 
complete but not complete. 


DerINITION 5. A mapping T of 2-metric space (X,d) 
into itself is said to be sequentially continuous if for 
every sequence {x,} such that d(x,, x, z) converges to 0 
Í for all z in X as m—0co, d(Tx,, Tx, z) converges to 0 
as moo, A mapping T is called orbitally continuous if 
for all z in X, d(T"x, y, z) converges to as n—=oo implies 
that d(T"*!x, Ty, z) converges to 0 as n—co. Every 
sequentially continuous mapping is orbitally continuous. 


Now we are ready to give our main theorems: 


Tueorem 6. Let (X,d) be a (S,7)-orbitally complete 
2-metric space and mappings Sand T of X into itself be 
sequentially continuous. If mappings S and T satisfy 
the following condition (A): 


(A) min {d(Sx, Ty, 2), d(x, Sx, z), d(y, Ty, 2), 
d(Sx, TSx, z), CAG, TSx, 2)} 
+tkmin {d(x, Ty, z), d(y, Sx, z), d(x, STy, 2), 
d(Ty, TSx, ONS ad(x, HA) 
for every x, y, z in X, where aE (0,1) and k is a real 
number, then the orbit of S and T at xo 0(%, S, T), 
converges to a point w in X and w is a common fixed 


Point of S Ceran Publiqporpis, Guruh Kaori Golea aae a unique 


| ee 


—— OX 
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dw, u, w) <4», u, w), 


which is impossible. Therefore Y. This proves that 
S and T have a unique common fixed point u in X. 


Remark 2. In Theorem 6, if we take S=T, we havea 
sequence {x,}, where *.=T"%o such that d(%,, u, 2) 
converges to 0 as n>. Since T is sequentially contin- 
uous, it is orbitally continuous. Hence we have d(Tx,, 
Tu, z) converges to 0 as 2-00. Thus, in Theorem 6, if 
T=S is orbitally continuous, {Tx} converges toa fixed 
point u of T. If k=—1 and (X,d) isa bounded complete 
9-metric space, this result is similar to the result of 
S.N. Mishra ([5]). 


Corottary 7. Let (X,d) bea (S, T)-orbitally .com- 
plete 2-metric space. If mappings S and T of X into 
itself satisfy the following condition (B): 


(B) min{d(Sx, Ty, z), d(x Sx,z), d(y, Ty, 2)} 
+kmin{d(x, Ty, z), ay, Sx, S) 
<ad(x, y, 2) 


for every x, y, z in X, where a €(0,1) and k is a real 
number, then the orbit of S and T at xo, 0(%, S, T), 
converges to a point u in X and u is a common fixed 
point of S and T. If k>a, then S and T have a unique 
common fixed point in X. 


We note that in Corollary 7 if we put S=T and k=—1 
and if (X,d) is a bounded complete 2-metric space and 
T is orbitally continuous, then we have the result of K. 
Iseki ([3]), which extends the result of L.B. Ciric([21) 
to a 2-meteLelngppaledzomain. Gurukul Kangri Collection, Haridwar 
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For any positive integer powers of S and T, we have 
the following theorem from Theorem 6: 


TueoreM 8. Let (X,d) be a (S, T)-orbitally complete 
-metric space and mappings S and T of X into itself 
be sequentially continuous. If mappings S and T Satisfy 
the following condition (C): 


(C) min{d(S’x, T'Y, 2), d(x, S'x, 2), d(y, T'y, 2), 
ay, T'S, 2), dO, Dasa 
+kmin{d(x, T'y, 2), d(y, Sr, z), d(x, S'T'y, 2), 
aC vee IM Sime} 
<ad(%, Y, 2), 


for every x, y, z in X and for some positive integers s 
and ¢, where a@€ (0,1) and k is a real number such that 
k>a,, then S and T have a unique common fixed point. 
its) AC, 

Proor. If we take P=S’ and Q=T', by Theorem 6, 
P and Q have a unique common fixed point u in X, 
that is, Pu=Qu=u. From this, 


Su=PSu=QSu and Tu=P Tu=Q Tu, 


that is, Su and Tu are common fixed points of P and 
Q. If we put x=Su and y= Tu in the condition (C), we 
obtain d (Su, Tu, 2) <ad(Su, Tu, z) for aŒ (0,1), which 
means Su=Tu, Therefore the uniqueness of w implies 
that u=Su= Tu, that is, « is a unique common fixed 
Point of S and T. 


THEOREM 9. Let (X,d) bea(S, T)-orbitally complete 
2-metric Space and {S,} and {T,} be sequences of seque- 
Ntially CONdA MR blicRermANi prska deilegionteldvand let {s4} 
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and {¢,} be sequenc 
e integers pair b, 4 (%4), 


es of positive integers such that for 


any positiv 
min{ad (S; (x), TO) z), d(x, S(x), 2), 
diy, THO), 2), 2S), TaS (x), 2), 
d(y, THS), 2)} 
+kmin{d(x, TEO), 2), dO, Sp a D 
ate, BTR ST, ACTH), TH#SP),2)) 
<ad(«,9,2), 
for every «x,y,z in X, where a&(0,1) and k is a real 
number such that k>a. Then the sequences {S,} and 
{T,} have a unique common fixed point u in X. 


Proor. If we take any pair of positive integers pair 
p and q (pq), then, by Theorem 8, S, and T, have a 
unique common fixed point in X. Since p and q are arb- 
itrary, this theorem follows. 
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A NOTE ON WEAKLY IRRESOLUTE MAPPINGS 


Gyu Jan Cuar, K.K. DRE ANR O.S. PANWAR 


T. Introduction. 


In 1963, N. Levine introduced a class of semi-continuous 
mappings which properly contains the class of all cont- 
inuous mappings and in [5], the notion of an irresolute 
mapping which is stronger than that of semi-continuity, 
but is independent of that of continuity was introduced. 
The concept of weakly irresolute mappings was introd- 
uced in [2, Definition 6]. In this note, it will be shown 
that the class of weakly irresolute mappings properly 
contains that of irresolute mapping [5], and it is inde- 
pendent of that of semi-continuous mappings [6], of that 
of almost irresolute mappings [8] and of that of set- 
s-connected mappings [3]. Further, characterizations and 
some basic properties of weakly irresolute mappings are 
investigated. 

Throughout this paper, spaces mean topological spaces 
on which no separation axioms are assumed and f:X 
>Y denotes a mapping from a space X into a space 
Y. Let A be a subset of a space X. By T(X), 
cly(A) and inty(A) (T, cl(A) and int(A) without 
Confusions) we will denote, respectively, the topology 
on X, the closure of A and the interior of ACX. 
A set A is semiopen [6] in a space X if there exists 
an 0e T(X) such that 0CACcI(0), and is semiclosed 
[8] iff its complement is semiopen. The intersection of 
all the Semicdosedispéaacontainingi cdicisocabledarthe semic- 


—— 
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losure [9] of A and the union of all the semiopen sets 
contained in ACX is called the semi-interior [9] of A. 
By SO(X), scl(A) and sint(A) we will denote, respect- 
ively, the family of all semiopen sets in a space X, the 
semi-closure of A and the semi-interior of ACX. It was 
shown in well-known papers that int(A) Csint(A)CA 
Cscl(A)Ccl(A); ACB implies sint(A)C sint(B) and scl 
(A)Cscl(B); A is semiopen (resp. semiclosed) iff A= 
sint(A) (resp. A=scl(A)). A set N of a space X is 
called a semi-neighborhood (written semi-nbd) [1] of a 
point x e X if there exists an U e SO(X) such that x€ 
UCN. It was shown that A e SO(X) iff A is the semi- 
nbd of each of its points [1]. A point p e X is termed 
a semi-limit point of A [7] iff, for each U e SO(X) 
containing p, UN(A—{b}) 4¢. The union of A and sd 
(A), where sd(A) denotes the set of all the semi-limit 
points of A, called the semi-drived set of A, is equal to 
scl(A). A is semiclosed iff A contains sd(A). 

A mapping f: X>Y is said to be irresolute [5] iff 
for every V e SO(Y), f1(V) e SO(X) iff for each x e 
X and each semi-nbd V of f(x), there exists a semi-nbd 
U of x in X such that f(U)CV. A mapping f: X>Y is 
said to be semi-continuous [6] iff for every V e T(Y), 
POD e SO(X). Every irresolute mapping. is- semi-cont- 
inuous but not conversely [5]. A space X is semi-7>2[10] 
iff for each pair x,y e X, xy, there exist disjoint A, 
B e SO(X) such that x e A and y e Biff for each pair 
x,y € X, xA#y, there exists an Ue SO(X) such that y € 
U and x ¢ scl(U). By a semi-clopen set we mean a set 
which is bothinsend opean.andks ania kosedon, Aerisyace X is $- 
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connected [11] iff no nonempty proper subset of X is 
semi-clopen; hence every indiscrete space is s-connected, 
A subset of a space X is s-connected iff it is s-connected 
as a subspace of X. 


I. Weakly irresolute mappings. 


Derinition 1. A mapping f:X—Y is said to be weakly 
irresolute [2] if for each x e X and each semi-nbd VC 
Y of f(x), there exists a semi-nbd U of x such that f 
(U)Cscl(V). 


We now give a characterization of weakly irresolute 
mappings. 


TueoreM 1. A mapping f: X—>Y is weakly irresolute 
iff for each 0 e SO(Y), Csint(f-1(scl(0))). 


Proor. Let x e f-1(0). Then f(x) e 0. Thus, by Defini- 
tion 1, there exists a G e SO(X) containing x such that 
f(@)Cscl(0). This implies x e G Cf(scl(0)), i.e., x e 
sint(f(scl(0))). Conversely, let x e X and f(x) e 0 e SO 
(Y). Then x e f-1(0)Csint(f(scl(0))). Let G=sint(f2 
(scl(0))). Then f(G)Cscl(0). The proof is complete. 

It is quite evident that every irresolute mapping is 
weakly irresolute. A weakly irresolute mapping may fail 
to be irresolute, as shown by the following example. 


Exmpte 1. Let X={a,b,c,d} with T(X)={¢,X, {d}, 
{a,c}, {a,c,d}} and Y={p,q,r} with T(Y)=(4, Y, {p}}. 
Then the mapping f:X—Y, defined by f(a)=p, f(b)= 
F©)=q and f(d)=r, is, obviously, weakly irresolute 


but not irresolute. Note that f is also not semi-contin- 


uous, 
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‘Derinition 2. A space X is strongly s-regular iff, for 
every point x € X and every semiclosed set F of x 
such that x ¢ F, there exist disjoint U, V s SO(X) such 
that x e U and FCV. 

It can be easily shown that a space X is strongly 
s-regular iff for each point x e X and each V e SO(X) 
containing x, there exists a U e SO(X) containing x 
such that scl(U)CV. 

TurorEM 2. Let f:X—Y be a weakly irresolute mapping, 
If Y is strongly s-regular. Then f is irresolute and 


hence semi-continuous. 


Proor. Let x e X and V e SO(Y) with f(x) s V. Since 
Y is strongly s-regular, there exists an M e SO(Y) 
containing f(x) such that scl(M)CV. Since f is weakly 
irresolute, there exists a U e SO(X) containing x such 
that f(U)Cscl(M)CV. Thus f is irresolute. 


A semi-continuous mapping may fail to be weakly 
irresolute, as shown by the following example. Therefore, 
weakly irresolute mappings are, in general, independent 
of semi-continuities from Example 1. 


ExmpLe 2. Let X={a,b,c} with TEO ={¢, X, {a}, {b}, 
{a,b}, {a,c}} and Y={p,q,r} with T(Y)={¢, Y, {b}, {9}; 
{p,q}}. Then the mapping f:X—Y, defined by f(a)=P, 


f(6)=q and f(c)=r, is semi-continuous but not weakly 
irresolute. 


A mapping f: XY is said to be almost-open [13] if, 
for every Ve T(Y), f4(c1(V)) (c1C(f1(V)). It is known 
that every open mapping is almost-open and a continuous 


C-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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LEMMA 1. If f: X—>Y is semi-continuous and almost- 


open, then f is irresolute. 


Proor. It is easy to prove and is thus omitted, 
From Lemma 1, we obtain that a semi-continuous map- 
ping is weakly irresolute if it is almost-open and hence 


open. 


TueoreM 3. If f: X—Y is weakly irresolute, then scl 
LL VR Pacl L MHD for each V e SO(Y). 

Proor. It is sufficient to show that if x e scl(f1(V)) 
—fi(V), then x e f-\(scl(V)). Suppose x ¢ fGcl(V)); 
that is, f(x) ¢ scl(V). Then there exists a W e SO(Y) 
such that f(x) e W and W(\V=¢. Since Ve SO(Y), we 
have scl(W)(|V=¢. Since f is weakly irresolute, there 
exists an U e SO(X) containing x such that f(U)Cscl(W), 
Accordingly, f(U)(\V=¢. On the other hand, if x e scl 
(f°(V)) and x ¢ f'(V), then xEscl(f1(V), and so we 
have UFC Vd so that f(U)MVA¢. This means a 
contradiction. Therefore, x e f-'(scl(V)). This proves 
the theorem. 

From Theorem 3, it is obvious that if f:X—Y is wea- 
kly irresolute, then f(scl(f(V)))Cscl(V) for each V e 
SO(Y). E 

DEFINITION 3. A mapping f: X—Y is termed almost 
irresolute [8] if for each point x e X and each semi- 
nbd VCY of f(x), scl(f1(V)) is a semi-nbd of x. 

An almost irresolute mapping need not be weakly irre- 
Solute, as show by the following example. 


Exmpre 3. Let X=Y={a,b,c,d} with topologies, T 
(X) = (4, X CGP, R PubliePpmain, yagen ayay, {a}, Lb: 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


94 Gyu. Inn Cuaz, K.K. DUDE AND O.S. PANWAR 


c}, {a,b,c}}. Then the mapping f: X—>Y, defined by f 
(a) =f(b)=f(c) =a and f(d)=b, is almost irresolute but 
not weakly irresolute. 

Turorem 4. If f:X—Y is almost irresolute and scl(f-1 
(V))Cfi(sel(V)) for each V e SO(Y), then fis weakly 
irresolute. 

Proor. For any point x e X and Ve SO(Y) containing 
f(x), we have scl(f4(V))Cf*sel(V)) by hypothesis, 
Since f is almost irresolute, there exists a Ue SO(X) such 
that x e UCscl(f2(V))Cfi(scl(V)). Thus f(U)Cscl(V). 

The converse to Theorem 4 does not hold, in general, 
as shown by the following example. 


Exmpte 4. Let X=Y={a,b,c,d} with topologies, T 
(X)={¢, X, {a}, {c}, {a,c}, {b,c}, {a,b,c}} and T(Y)={¢, 
Y, {a}, {a,c}}. Then the identity mapping 7 is weakly 
irresolute but not almost irresolute. 


Exampie, 4, An almost irresolute mapping T: X-T is 
weakly irresolute iff scl(f1(V))Cf1(scl(V)) for each V 
e SO(Y). 


Proor. From Theorem 3 and 4. 


DEFINITION 4. Let A be a subset of a space X. The 
weakly irresolute mapping from X onto a subspace A of 
X is called a weakly irresolute retraction if the restri- 
ction f|A is the identity mapping on A. We call such 
an A a weakly irresolute retract of X. 

Lemma 2. If A is semiopen and U is open in a space 
X, then ANU is semiopen in X. (Refer to [9]). 


THEOREM CD. dag daha Suru baan conéctian, paee X and Í: 
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XA be a weakly irresolute retraction of X onto A. If 
x is Tz then A is semiclosed in X. 


= Proor. Suppose A is not semiclosed. Then there exists 
a semi-limit point + of A in X such that x e scl(A) but 
+c A. Since f is weakly irresolute retraction, f(x)<zx. 
Since X is Tə there exist disjoint U,V e T(X) such 
that xe U and f(x) e V. Thus Ufjclx(V)=¢. Also, 
VNA s T(A) and hence VNA e SO(A) containing f(x). 
Let W e SO(X) with x e W. Then UNW e SO(X) cont- 
ains x, by Lemma 2, and hence (UN W)NA +Æ ¢ because 
x e sd(A). Therefore, there exists a point y e (UN WA 
A). Since y e A, f(y)=y e U and hence f(y) ¢ clx(V). 
This shows that f(W)&clx(V). Now clı(VNA)=clx(V 
NA) QACclx(V). Therefore, f(W)ccel,(VMA) which 
implies f(W)cescl,(V(}A). This contradicts the hypo- 
thesis that f is weakly irresolute. Thus A is semiclosed 
in X. : 

In Theorem 5, X is necessary Hausdorff, as shown by 
the following example 


Exmpte 5. Let X={a,b,c} with an indiscrete topology 
and let A={a,b} CX. Then the mapping f: XA, def- 
ined by f(a@)=a, f(b)=f(c)=6b, is weakly irresolute and 
f|A is the identity mapping on A, that is, A is weakly 
irresolute retract of X. However, A is not semiclosed 
in X, 

Lemma 3. A mapping f: XY hasasemiclosed graph 
GO) [8] if for each x e X, ye Y such that f(x)+y, 
there exist U e SO(X) and V e SO(Y) containing x and 
2 Tesepctixelyyn rewebortdea burfikRafgriCareBion, Haridwar 
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In view of the following example, a weakly irresolute 
mapping may fail to have a semiclosed graph. 


Exmpie 6. Let X={a, b,c} with an indiscrete topology, 
Then clearly, the identity mapping i: X>X is weakly 
irresolute, but G(z) is not semiclosed. | 


However, we have the following. 

Turorem 6. If i:X—Y is weakly irresolute and Y is 
semi-T, then G(f) is semiclosed in the product space X 
X Y: 


Proor. Let x e X and y e Y such that yÆf(x). Then 
there exists a V e SO(Y) containing f(x) such that y ¢ 
scl(V), i.e., y e(Y—scl(V)) e SO(Y). Since f is weakly 
irresolute, there exists an U e SO(X) containing x such 
that f(U)Cscl(V). Consequently, f(U)M(Y—scl(V))=¢ 
and so, G(f) is semiclosed, by Lemma 3. 

The converse to Theorem 6 need not be true as shown 
by the following example. 


Exmpte 7. Let X={a,b,c} be the space with T(X)= 
{¢, X, {a}, {b}, {a,b}} and Y={a,b,c} be the discrete space. 
Then the identity mapping i: X>Y has a semiclosed 
graph but not weakly irresolute. 


Lemma 4 [11]. A space X is not s-connected iff it is 


the union of two nonempty disjoint semiopen(respecti- 
vely, semiclosed) sets. 


TueoreM 7. The s-connectedness is invariant under 
weakly irresolute surjections. 


- Proor. Let f: X>Y be a weakly irresolute surjection 
on an s-cohhévteds Bno Muku Sape tiy haida s—-connec- 


— o 
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ted. Then exist nonempty disjoint Vj, Vz s SO(Y) such 
that VilVe=Y. Hence FI(VYNSV:)=¢ and their 
union is X. Since f is surjective, PC Ud for i=1,2. 
By Theorem 1, J(V:)Csint(f-!(scl(V;)). Since V; is 
semiclosed, f4(V;)Csint(f1(V;)). Hence, PCM s SO 
(X) for 7=1,2. This means that X is not s-connected. 
Contradict. 


ExmpLe 8. Let X=Y={a,b,c}. Let X be the indisc- 
rete and Y be the space with T(Y)={¢, Y, {a,c}, {b,c}, 
{c}}. Let f:X—>Y be given by f(a)= a and f()=f(c)= 
b. Then f is weakly irresolute, X is S-connected, but 
f(X)={a,b}, is not s-connected. This example shows 
that the image of an s-connected set under a weakly 
irresolute mapping is not necessarily s-connected. 


Il. Weakly irresolute mappings and set-s-connected 
mappings. 


Lemma 5. [3]. A mapping f:. XY is set-s-connected 
iff for each semi-clopen subset B of F(X), PBT is 
Semi-clopen in X. 


The following examples 9 and 10 show that the notion 
of weakly irresolute mappings is independent of that of 
Set-s-connected mappings. 

ee 9. Let X={a,b,c} with T(X)={¢%,X, {a}, Ld, 

},{@,c}}. Then the mapping f: X>X, defined by f(a) 
o (c)=b and Saou: is weakly irresolute but; not set- 
S-connected. : 

Exmeie 10, Let X={a,b,c,d} with T(X)=(¢,X,{a, 
hd}, (el Fp, eA RD ANE PIES Eth TY) = 
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Ié, Y, {c}; {b}, {b,c}}. Then the mapping f:X—Y, defined 
by f(a)= =f(d)=a and f(b)= PORE is set-s-connecteq 
but not weakly irresolute.: . 


‘Tueorem 8. If f:X>Y is weakly irresolute surjection, 
then f is Set-s-connected. 


' Proor. Let V be any semi-clopen subset of Y. Since 
V is semiclosed, scl(V)=V. Thus, by Theorem 1, f- 
(V)@sint(f(V)). Hence f1(V) e SO(X). Moreover, by 
Theorem 3, scl(f1(V))Cf1(V). Hence f1(V) is semic- 
losed in X. Since f is surjective, Lemma 5 f is set-s- 
connected. It is well-known that, for every space X and 
each V e SO(X), scl(V) €e SO(X) and ‘also cl(V) < SO 
(X). 


THEOREM 9. Let X and Y be spaces. If f:X—Y is set- 
s-connected surjection, then f is weakly irresolute. 


Proor. Let xe X and Ve SO(Y) containing f(x). 
Then scl(V) is semi-clopen in Y. Since f is set-s-conn- 
ected surjection, it follows from Lemma 5 that f-\(scl 
(V))=U is semi-clopen in X. Therefore, U e SO(X) 


containing x such that f(U)Cscl(V). Hence f is weakly 
irresolute. 


Corottary 2. A surjection f: XY is set-s-connected 
iff Jf is weakly irresolute. 


PRoor. From Theorem 8 and 9, 


Corottary 3. If f: XY isa set-s-cennected surjection 


and Y is semi-T, then G(f) is semiclosed in the prod- 
uct space Xx Y, ; : 


Proor. Brom Fbirdorein Bran cagg E 1, 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


` .WEAKLY IRRESOLUTE MAPPINGS 99 


the-converse to Corollary 3 is not true. For, G(i) is 
semiclosed, but 7 is not set-s-connected. 


Abstract - 


A mapping f: X—Y is introduced to be weakly irres- 
olute if, for each x e X and each semi-neighborhood V 
of f(x), there exists a semi-neighborhood U of x in X 
such that f(U)Cscl(V). It will be shown that a mapp- 
ing f: XY is weakly irresolute iff(if and only if) f- 
(V)Csint(f-(scl(V))) for each semiopen subset V of Y. 
The relationship between mappings described in (3,5, 6,8] 
and a weakly irresolute mapping will be investigated 
and it will be shown that every irresolute retract of a 
To-space is semiclosed.. 
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. OPTIMAL BOUNDARY CONTROL PROBLEMS 
FOR SYMMETRIC HYPERBOLIC SYSTEMS 
WITH CHARACTERISTIC BOUNDARIES. 


SUNG Kac CHANG 


1. Introduction. 


A number of authors [C. 1,C. 2, L. 1, L. 2, L. 3, V.1] known 
to us have studied optimal boundary control problems 
for hyperbolic systems in several variables with noncha- 
racteristic boundaries. S 

But many important problems, for.instance, Maxwell 
equations and linearized. shallow water equations, have 
characteristic boundary conditions. — 

In this paper, we study control problems for hyperbo- 
lic'systems with characteristic boundaries, which is 
different from others. i 

Let @ be an open domain in R” with Sa sou 
T for an integer m>1. We consider a first order differ- 
ential operator of the form i 


(1.1) A(x,3/3x)=>; A;(x) s +C(x) for mea 
j=1 x 


Where A;(x) and C(x) are (tn) o smooth sym- 
Metric matrix valued functions on Q, l and z are given 
Positive integers. EA 

We also require that A;(x) and CO are constant for 


Sufficiently large |x| in Q. 
Mee hR eo ence eet, he is, 


9 
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(1.2) the normal matrix NE A;(x)n;(x) have 


constant rank for all ser where (m;(%)) are the inw 
ard normals to the boundary P at x in T. 
Without loss of generality, we may assume that N,(x) 


have k negative real eigenvalues and (n—k) positive real 


eigenvalues. 
We now consider a mix 


ed initial boundary value prob 


Jem as 
(1-8) | 22 Alx, 3/0x)y+h on [0, TIX 9=Q 
| B(x)y=u on [0, TIX r=z | 
 0=f on Q, 


where B(x) is a boundary operator which annihilates 
the null space of the normal matrix NLY) at «Er, hE 
LQ), fEL(a)and we L*(2)™. 

For the simplicity, we transform our problem into one 
on a half-space by using local coordinate changes anda 
partition of unity. Thus we may assume without loss 


‘of generality that 

(1.4) g= {x@R" |x,>0} and r={xER” |x:=0}. 
Then the normal matrix N,(«)=Aj,(x) for x in 7. 
By smooth change of coordinates, we may assume 


a6) A 0 04, yee A 
0 Az 0 
At 
0 0 At 2 


where A; is a negative-definite kXk matrix and At is 
positive-definite (n—k) X (n—k) matrix. 
(*) [2 ULQ: RE,  L?(0)=12(0; Ri and LCT 


C-0. In Public Domain: angri Collection, Haridwar 
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Henceforth, we assume (1.4) and (1.5) without loss 
of generality. 
For «ER”, yER'*", we partition x and y as B= (44, 01) 5, 
y= La HOT aNd Y L-J where xl= (xz, s. Xa)”, 
y= T MUT, -= (Yir cote D and tea Gy eee 


anO Yitn) 
In order to be well-posed for the problem (1.3), it is 


well known that the boundary condition f(x)y=u can be 
written in the following form; 

(1.6) y-=N(x)y++u for “Er, 
where N(x) is a smooth kx (n—k) matrix valued function 
on r which is constant for sufficiently large |x| on r 
(see [M.1]). 

We partition matrices A;(x) as E T where 1.1 


Aj?! A;?2 
and A,?? arel X / and X m square matrices respectively 
j for J=2, = , m, and ALAT is L X n matrix. 


Let us denote Wa lw) = A iw; Woliw)=>2 Aj? 
j=2 


iw; and Wo (iw)=s> A;2 iw; far W= (W2, Wa) ER™, wÆ), 


= 


We assume for Wy,(iw) that 

(1.7) the matrix Wi,(iw) has distinct eigenvalues (pure 

imaginary) for every w&R™!, wH0. 

: We assume, without detail, other appropriate condit- 
lons for the problem (1.3) to be well-posed in the Kreiss’ 
Sense (we refer to [M.1)) 

Under appropriate assumptions [M.1], we have the 
following theorem. 
TuEorem 1, For a wy T>0 Laran. hE L?(Q) and «E 


LL th CC-0. In Public Do main: Aly Het Colléction, Haridwar 
» the problem a 3) has a unique strong solution y 


7 — T 9 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


104 Sune KAG CHANG 


in L2(Q) and unique strong solution YUT in LG) at 


each time ¢€(0. T]. 
Moreover y, has strong boundary value in L?(3) and 


the following inequality holds; 
(1.8) lotila let bya <CLIflot llt lulz], 
where C is a constant independent on f, k and u. 


REMARK, yo in theorem 1 may not have boundary value 
at all in LCT. 

We are interested in boundary control problem. Hence 
here after it may be assumed that f and h are eed 
moreover let h=0, and C(x)=0. 

We now are ina position to formulate optimal control 
problem for the system (1.3) as follows. | 

Suppose that F and G be given bounded, self-adjoint 
and positive-definite linear operators on L?(Q). 

A quadratic functional cost J is defined as 


(1.9) J(u)=|ul3+ (9, Fy)ot+(9(T), Gy(T))a 
for uEL?(2) and correpponding ution to the system 
1.3). 


(C.P) Our problem is to minimize the cost T) over 
SLT. i 


Our main goal is to show that an optimal control 4’ 


exists in L?(2) ‘and it can be Synthesized as a feedback `- 
form, that is, 


u(t)=BP(t)y(t) for a.e. tE[0, T] 


where B is an unbounded linear operator on L?(@) into 
Lar), PACE REEE Seeds colep adores yo ig the 
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optimal trajectory corresponding to x, 

We state the main results in the next Section and 
sketch briefly their proofs in section g 


2, Main Results 
We introduce an operator A on L?(Q) as 
(2.1) Ay=A(x, 3/ðx)y for yED(A) 


where the domain D(A)={yEL*(@)|AyEL2(Q) and y.= 
Ny, on T}. Then it is easily seen that A is closed and 
densely defined on L2(Q), furthermore it generates a 
strongly continuous semigroup S(t) on L?(Q). 


REMARK, The adjoint A* of A is given by 


@.2) AD As) sey = BR AO 
for E ehe the domain s 


D(A*)={ yEL (e) |A* yE Lela) 
and y,=—(At)-1NTAzy. on T}. 


It is also well-known that A* generates the adjoint 
semigroup S*(t) of S(¢#) on L?(Q). 

In order to introduce a Dirichlet map “D” which ext- 
ends boundary functions to interior functions in a certain 
way, we consider the following boundary value problem: 


(2.3) eo 0/ax)y=Ky on Q 
Ny. +y on T 


for uEL(r) where K is a large constant. 
Then we have the following lemma. 


Lemma Dik ; 
The protein Daga Gipsy Sena! defen tintieren tly Taree 


ee 
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number K>0. Moreover, the following inequality holds: 
(2.4) [plot lyalr<Clule for v&r) 


where C is a constant independent on u. 

Once we have chosen K so that (2.3) is well-posed, 
we fix K. For the simplicity, we may assume K=0 (If 
K-40, we simply translate A by K) 

From lemma 2.1, we define the Dirichlet map D as: 


Du=y if yis the solution to (2:3): 
Then D is a bounded linear operator on L?(r) into L?(Q), 
Now have the following trace operator. 


LEMMA 2.2. 
Dx A*y=Azxy.|, for yED(A*). 
Let us define an operator L on L?(2) as 
(2.5) (Iu)(t)=A J Ss) Du(s)ds for 0S#ST 


and u@D(L) which is asubspace of L?(2). 
We have a semigroup representation of the solutions 
to the mixed problem(1. 3). 


THEOREM 2.3. (Semigroup Representation). 

(1) the operator L is a bounded linear operator on L? 
(2) into C([0, T];L? (Q)), 

(2) the solution y to the problem (1.3) is given by 


2.6) y@Q=S@)f—(Lu)(t) for 0<t<T. 


From theorem 2.3, it is easily seen that our control 
problem (C.P) has a unique optimal control win L?(2) 
by standard argument (see [C.1, L 


AES In Public Domain. Gurukul Kan KH Haridwar > 
Let us denote o(t,s) the evolution operator which 
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ribes the evolution of the optimal trajectory y® with 


desc 
initial time s,0SsS#ST (see [C.1,L.1]), Then we have 


the following synthesis of optimal control 29, 


TyroreM 2.4. (Feedback synthesis) 


The optimal control u° can be written in the form 
y0(t)=D*A*P()y°¢) a.e.tel0, T] where PGO is a bou- 
nded self-adjoint and positive-definite operator on L?(Q) 
which satisfies the following Riccati equation: 


(eb) lor. #, PS Lea) and 0<?<T, 
(BeTa =| a-e. F Ols, H, ds 


+f" (D*A*P(s) o(s, t), D*A*P(s)0(s,t)y)r ds 
+ (O(T,t)x,G OCT, Ha 


For a moment, we assume that 

(2.7) F and G map L(a) into D(A*). 

We denote # the class of one parameter families of 
operators P(t) on L?#(Q@) which are self-adjoint, positive- 
definite and satisfy the following conditions; 

(2.8.1) D*A*P(-): L2(Q)>L*([0, T]; LCD) are bounded and 
(2.8.2) D*A*P(-)S(-)AD: L2(r)—>L?(X) are bounded. 
Remark. Under assumption (2.7), it is shown that the 

Operator P(t) in theorem 2.4 is in the class F (see [C. . 

1]). 


Then we have the following theorem. 


Theorem 2.5. Under assumption (2.7), the operator P 
LHD in theorem 2.4 is the unique solution in the class 7 
to the Tol Td RI ceatt SUN 99 Collection, Haridwar 


OoOo III O 
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QE. 2) for x,ye L(g) and 0<t<T, 
(PEx, a=f (S(s—O) #, FSG) a 
= Ie (D*A*P(s)S (s—t) x, D*A*P(s)S 
(s—f)y)r ds+(S(T-t)x, GS(T-1)y)o 
RR for xy EDCA), a.e. t in [0, T], 


4 (PEx, y)a=— (Foo (POA) 0 


— (P(t) x, Ay) 
+(D*A*P(t)x, D*A*P (t)y)r 


with terminal condition PC = G. 


Remark. without smoothness assumption(2. 7), we are 
not sure whether D*A*P (t)x% are well-defined in L? 
-sense for xEGL?(Q). 

Suppose that the pairs F,and G, satisfy’ assumption 
(2.7) for all n=1,2,::. Let P,(#) be the corresponding 
Riccati operators to the pairs F, and G,, for n=1, 2;3,-. 

Now we do not assume any smoothness’ for F and’ G." 

; Then. we have the following convergence. 


THEOREM 2.6, Suppose that F,>F and G, >G strongly 
on L4(Q) as moo, Then -P,(t)>P(t) uniformly in, 1€ 
L0, T],strongly on L? (9) as. N—-., 


Moreover, for x, yE&L? (a), OStsT, 
Oe a=" Gabe Bsc Dye BETON 


GS(T- d-a (HALE (8). s (e =i), 
CC-0. bgp au upc as ri ole Hah 3 = A 
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3, Proofs of Results — E 
We sketch the proofs: of lemmas 2.1: and 2.2 iape: 
and we omit proofs of theorems 2. 3,2.4,2:5 and 2.6 since 
their proofs are similar to those in [c.1]. : 
Suppose for a moment that the coefficients .A,(x) 
and N(x) in (2.3) are frozen at the values on a 
boundary point a E ; . 
Then we apply Fourier transform the equation (2.3) 
in the tangential variables x!, and denote the transf- 
orms of y, Yo and y, by 9, Po and Dy see e 
We arrive at 


(3.1) [A (0.2) = ne woo, x, iw))3 for n> 


eee ze for xı=0 SE ; 
where W(0, x},2w)=| Wii(0, x), iw)  Wi2(0, x}, E ; 
W12(0, Xd» iw) Wa2(0, xh, iw) C 
and = w= (we, == , Wn) ER™, wX0. | 
By assumption (1.5) and (1.7), we have 
(3.2) ( =CK— Wy (0, x}, iw) ] W20, Xor iW) Ins Aa) 
A, Pe [Wy (KWD Wa (KWa) a 
x1 i 
x% >0 S 
S I= Nj, ta for xı=0. 
We may rewrite (3.2) in a pseudo- -differential form for 
ONS variable coefficient problem as’ aoe 
(3. 3. 1) = CK Wale, iw) DE (Gi Sw n>” 
(3. 3. 2) An (x) Oe =[W" p (x, wE Gn iw)) Mia 


CC-0. In Public ora Gurukul Kangri I Haridwar 
LK, tw) + (K—Wae(%, iw)) TR, 2 %1>0 
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(3.3.3) 3- =N(#1)54+2,%1=0 where 
Wir (%, iw), Wie(%, iw) and W2(x,iw) are the pseudo-dif- 
ferential operators of order 1 corresponding to the difi- 


m E) m 3 
erential operators Z. AMG) 2 A; (x) aR; 
and x A.r ae respectively. 

j=2 i 
Let M(K,x,iw)=A. [Wl (K—-Wu)” Wit K—Wa]. 


Then we arrive at 


(3.4.1) Mus LK IUT Wid %1>0 
di, y 

(3.4. 2) Ghee x >0 

(3.4. 3) -=N +å EUI 


The problems 

(3.4.2) and (3.4.3) are the same kind Majda and 
Osher studied in [M.1]. 

That is, they showed that there exists a symmetrizer 


of M whose symbol R (K,x,iw) is of order zero and 
satis fies the following properties (see [M.1]); 


(3.5.1) R is Hermitian, 


(3.5.2) v?Rv=6|v|?-elg|2 for all vectors satisfying the 
boundary condition v.=N v,+g, 


(3.5.3) Re (RM)= 6 where 6>0 and e>0 are constants 
independent on x&9, wE&R™! and K>0 large enough. 
Thus combining (3.4.2) and (3.4.3) with (3.5.1), (3.5-2) 
and (3.5.3), we have, for sufficiently large K>0, 


(3.6) [Yala + Is Slag] where C is a constant inde- 
pendent on u. 


On the other hand, we suppose that y is a solution to 
(2 3) CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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We take the inner product (2.3) with y on 0. 


Then we have 
OD (AG, 0/0%)9, Da KIMIA. 


By Green’s formula, the left hand side of (3.7) becomes 
1 sk Gay ace 
=g (A Yns Yn)r 9 L, Z L Ox; Aj))) a. 
That is, 
1 8-9 A, i 
KIA 5 O Z (ey 40 = 7 (A, Day Yn) re 


Thus, for sufficiently large K>0, we arrive at 
(3.8) Ivlax<C |Yaļr for a constant C. 


From (3.6) and (3.8), we derive the ineguality lva], 
<Clu|, for sufficiently large K>0. 
Once we have the energy inequality, we can deduce the 
uniqueness and existence easily as in [C.1]. 
This completes the proof of lemma 2.1. 
We assume, without loss of generality, K=0. 
From Green’s formula, we have for ye&D(A*) and gE L?(r),. 
(3.9) (A*y, Da)o=(9, dip, 2+) Dg)at (AnYn (DE) 4) r- 


By the definition of the operator D, (3.9) becomes 
(A*y, Dg) .=(Anyn, (Dg)n )r- 
From the fact that ySD(A*) and (Dg).=N(Dg)++g on 


l, we arrive at 


(Aty, Dg) a=(And- 8) p 
which implies lemma 2.2.. 
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EQUIVALENT CONDITIONS IN TOTALLY UMBILICAL 
SUBMANIFOLDS OF A KAHLERIAN MANIFOLD 


YONG Ho Sun ano Har Gon JE 


0. Introduction 


In the past seventies, Ako[1], Blair and Ludden ([2]- 
(4]), Yano((2], [3], (26]-[33]), Okumura([4], [17], 
[18]), Chung[5], Eum(6], Ki((5J-(13], [31]-[33]),. Kim 
[11], Pak({12], [13J, [19]), Kwon[14], Lim and Choe([15], 
and Shin([20]-[22]), studided a structure induced on a 
hypersurface of an almost contact manifold or a sub- 
manifold of codimension 2 of an almost complex manifold. 
During the last 10 years, in spite of their vigorous efforts, 
the investigation about the submanifold of codimension 
2 of a Kählerian manifold was not carried out success- 
fully. . 

In 1967, Okumura[17] proved the following theorem 


A and in 1971, Ki[7] extended the theorem A under 


some conditions. 


Tueorem A, Let M be a complete, connected 2n-dimen- 
sional totally umbilical submanifold with non-zero mean 
curvature vector u of a (2n-+2)-dimensional Kahlertan 
manifold. ç E 


(*) Suppose that for any tangent vector X to M the 


covariant derivatives of the mean curvature vector Vx 


See ss S 
Thi ; fae ra Sn ion 
Kore tbc BRR RSHabY dhe Nais 0 RiyraNan Republic of 


Fa 
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be tangent to M. Then M is isometric with a shere S2» 


of radius T 

In the above theorem, we consider the two following 
problems. 

[Prosrem 1] What condition is equivalent to the above 
(=)? 

[Propcem 2] Under what condition does (+) exists? 

The purpose of the present paper is devoted to solve 
the above two problems. 

In I, we recall a submanifold of codimension 2 of a 
Kahlerian manifold and find the structure equations, 

In II, we find some equivalent conditions in totally 
umbilical submanifolds. 

In Ill, We study submanifolds with normal (fF, 245%, 
A)-structure. 

In the last section IV, we determine the submanifold 
of condimension 2 in a locally Fubinian manifold. 


I. Submanifolds of codimension 2 of Kahlerian 
manifold [8]. 


Let MM"? be a (2n-+2)-dimensional Kahlerian manifold 
covered by a system of coordinate neighborhoods {Usy"}, 
where here in the sequel the indices «,4,u,v run over 
the range {1,2,---,2n+2}, and let (F,‘,G,,) be the Kab- 
lerian structure of M2"+2, that is 
(1.1) FF D 


and G,, a Riemannian metric such that 

( CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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(1.3) PF =0 


where 7 denotes the operator of covariant differentia- 


w 


tion with respect to the Christoffel symbols T formed 


with Gy. 

Let M?” be a 2v-dimensional differentiable manifold 
which is covered by a system of coordinate neigh- 
porhoods {U;x"}, where here and in the sequel the 
indices %,¿, j,» run over the range {1,2,--, 2}, and, 


which is differentiably immersed in M2"*? a sa submani- 
fold of codimension 2 by the equation y*=y"(x). 


We put B;:"=9;9", (0,;=0/0x') 


then B;* is, for each z, a local vector field of Ment 
tangent to M2" and the vector fields B;* are linearly 
independent in each coordinate neighborhood. B;* is, for 
each x, a local 1-form of M2". 

We assume that we can choose two mutually ortho- 


gonal unit vectors C* and D" of M2"+ normal to M?” in 
Such a way that 2n-+}2 vectors B;*,C",D* give the posi- 


tive orientation of Mente, j 


Thus we can put 
FB =f’ B, tuC HoD", 
(1.4) PRO =— pB; -HAD", 
D OA AOE, 


Where f;" is a tensor field of type (1.1) and w;,v; are 


l-forms and 4 is globally defined function on M?”, u' and 


vi 1 v In Pyblic Domain.,Gurukul Kangri Collection, Haridwar 
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i i i ti 
W =U g", V=U8 » 
H 1 22 4 
g; being the Riemannian metric on M2” induced 
Jt E 


that of MS. 
From the equation (1.2) and (1.4), we have 


fifi =ò tuuto", 
ffig HL UjUi— Vii, 
(1.5) Passi Or fiu=—Av", 
fiv At; Or JEVA, 
uu'=vw'=]1--1?, uv'=0. 


Putting fa=f;' gu we can easily find that fj; is skew- 
symmetric, that is, M?”admits an (f, g u,v, A)-structure, 


We denote by (5) and p: the Christoffel symbols for- 


med with g; and the operator covariant differentiation 
with respect to a respectively. 


Then the equations of Gauss and Weingarten are 
Bf =0;B: + ie | ByYB?—B," A 
Vj =: LA j i h ji 
i A =h;;C*+-k;;D* 
(1.6) S : 
r;C“=0;0"+ | “al By Cr Bi +D", 


~ 


D'=0;D'+ |f} BD’=—k;' Bi —1,C* 


where hj: and K: are second fundamental tensors of M?” 
with respect to the normals C“ and D* respectively, i = 
hig", k;' =k; gi and l; is the third fundamental tensor. 


Differentiating (1.4) covariantly along M2 and taking 
EN SI GIS Sl P a May Kangri Collection, Haridwar 
account of ( we obtain 
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[T RTL Ra RAL K ha, 
K —h; fé —akji+1)0,, 
Pe —kj fi + ah;;—l,u;, 


(1.7) 
PARA —hjwv". 


The mean curvature vector field H" of M2n+2 is defined 
by Hi =aC'4+-BD*, 


S Z 2 t 
where a s p= k. 


The mean curvature of M?” in MSS is the magnitude 
of the mean curvature vector field, that is, 
M=a?+ 2, 
If the second fundamental tensors of M?” are h;;=-ag;: 


kj =6g;;, then M?” is said to be totally umbilical [17]. 


I. Equivalent conditions in totall umbilical 
submanifolds. 


In this section we assume that M?” is totally umbilical 


submanifold of M2"+2, Then we have from (1.7) 


(2.1) Vif =—ag ju, +00;'u;—Bg;v'+B5;'0', 
(2.2) V ju;=af ji Abit lVi 

(2. 3) 7 0;=Bf utag jilli - 

(2.4) 7 ;A=fu;—av,, 

respectively. 


First of all we prove 


LEMMA 2.1. Let M?” bea n-dimensional totally, um- 


bilical submanifold of a (2n-+-2)-dimensional Kahlerian 
mantifolqc©® In Public Domain. Gurukul Kangri Collection, Haridwar 
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Then the following conditions are equivalent to each 


other; 
(1) The covariant 


vector 


derivative of the mean curvature 


pH" is tangent to M”, 


(2) 7.a=6l,, 7.b=—al,, 
(3) The equations of Codazzi. are 


P aval aki —l jh 
7 Ri Piba elh LARI, 


(4) PP A= — (a+b?) Agri. 
Proor, (1)==(2) see[17]. 
(2) (3): Since M?” is a totally umbilical submanifold 
of Mant, we easily have 
7 hii PR (V0) ii — (Vie) Si = (Bl) R — (BL) Bri 
=1,kj;—1jR: 
Waki PR = (V8) Sii— (VB) Si = (al) gj; (ali) Er 
=1;h,;—ljhy:. 
with the aid of (2). 
(2)<(3): Transvecting gi to the equation of Codazzi, 
we find the equations in (2). 
(2)>(4): Differentiating (2.4) covariantly along M?”, 
and using (2.2),(2.4), we obtain 


(2.5) VaViA=—(a?+ 6?) Agi; + (WiB+al,)u;—(7.a—Bli)%- 


If the equations in (2) hold on whole M2", from(2.5) 
we obtain 


CC-O. In Se Gee e T Haridwar 
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(2)2 (4): If PP jA=— (@?+ 6) AEn holds in M2» 

we also have from (2.5) 
(2.6) (7.B+al,)u;—(7.a—B1,)v;=0 
To begin with, let us consider the following two 
cases. 
(Case I) If there is some open set in {PEM2"|22(p) = 
1}, then 4;=v;=0 holds on the open set because of 1—12 
=(. 
Differentiating these covariantly and using (2.2) and 
(2.3), we find 
afj;—ABSi=0, BF t+ AagZ;:=0 
Since fj; and gj; are skew-symmetric and symmetric 
with respect to 7 and 7 respectively, we easily verify 
that a=B=0. 
Hence the equations in (2) hold on the open set. 


(Case I) If 1-22-40 a,e.,on an any open set {PEM | 
2(p)A41}, then transvecting (2.6) with «i and v? respec- 
tively yields 


7.8+al,=0, 7,a—61,=0. (Q. E. D.) 
According to the equations in (2), the mean curvature 
vector H is constant. 

Now, let us consider this result case by case 

(i) w=a2+62=0 implies k;=k;=0. 

(ii) 440 implies 7,7:A=—(a2-+B)Agii, 

where we have ‘used (2.4). 

Summarizing the above results (i), (ii) and Obata’s 
theorem[16], we obtain 


Tueorem©$:%!" Peye Ernst. Ruuky agape eted totally 
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umbilical submanifold of codimension 2 of  Kéahelrian 


manifold Mn, 
If one of the conditions in Lemma 2.1 holds on M2, 


then M?” is a to'ally geodesic submanifold or a sphere 
S27, 
Il. Submanifold of codimension 2 with normal 
(f.g u,v, 2)-structure. 
We now define a tensor field N of type (1,2) as follows: 


Nji "esl, af + iui i Vit; Ju" LED PD 007 ’ 


where [f, Ph is the Nijenhuis tensor [26] formed with 

f;* defined by | 

Ch flivHfirt!—fi ofi*— LPT PTP | 

The (f, g, u,v, 4)-Structure is said to be normal Mle 
[33]) if N;* vanishes identically. 

In this section, we assume that the totally umbilical 


submanifold M2" with (f,g,u,v,d)-structure is normal. 
Then we have 


(3.1) (lv ;—lv;)u* —(1ju;—l,u;)v'= 
because of (2.1), (2.2) and (2. 3). 

Applying (8.1) with u, and vi successively, we obtain 
(3.2) 1;1—A?)2=0 
with the aid of (1.5). | 

If there is some open set in (PEM2"|22(P)=1}, then 


we can easily verify that 


Pj= (a? +62) Agii 
In Public De Gurukul Kangri Collection, Haridwar 
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And if 1-4?40 a.e., then (3.2) gives lñ. 
Now, differentiating (2.2) covariantly, we obtain 
PPR —V Vij =2 (Vn) F + 20(—argy ju; tagyu; 
Bg LB gun 0 
because of (2.1) and the fact 7;=0, from which, using 
Ricci identity, 
(3.3) (Pt) fit t+ Vj) fiat (Vit) frj=0. 
Transvecting (3.3) with f", we find. 
(3.4) (ra) (n—1 +2?) — 71+ (uiy ja) t (vi7 ;@)v,=0. 
If we transvect x" and v* to this respectively, and make 
use of (1.5), it means 


(3.5) uy, a=0, v'7, a=0 
provided that dimM2">9, 
Substituting (3.5) into (3.4), we see that a=constant. 
Similarly, we can verify that B=constant from (2.3). 
Therefore, taking account of (2.5), œæ=constant, p= 
constant and /;=0, we have 
Pas R=— (O48) AGA. 
Combining theorem 2.2 and the above result, we conclude 
Theorem 3.1. Let M?” be a com plete connected totally 
umbilical submanifold of codimension 2 of a Kahlerian 
manifold Mens, 


If the induced (f, g, u,v, à)-structure is normal and dim 
Ma2, then M?” is the same type of Theorem 2.2. - 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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N. Submanifold of codimension 2 in a locally 


Fubinian manifold 


In this section, we consider a submanifold M?” in a 


locally Fubinian manifold, that is, a Kahlerian manifold 
of constant holomorphic sectional curvature. Then its 


curvature tensor is given by 
(4.1) Bypre=K(GoeG— Guu tE, Fp FP 2F Pie), 


where K is constant(see[8], [17]). 
Substituting (4.1) into the equations of Gauss, Coda- 


zzi and Ricci, 

par Bg BB? B," =Reiin—Panltict Riau RR LRR, 
ac Be BU BFC’ P hn Ph LAR LIR, 

sB BRDU Pk Pb KAR LR 


2 Re C N? 


Rans BO BOD" PPL hacks RR. 
we have respectively 
(4.2) K (881i — Gini t Sir fis Sinfi 2 nif in) 
eK Rhu Ri Ra Rn Rr LRR, 
(4.3) TE 
Pb Pik tl hj: Lhe KO e DU Wf ri)» 
(4.4) PPL hrk; —h;.k, =K(o,uj;—vju,—2Af ri). 
Throughout this section, we assume the submanifold 


M?” is Bg; Then the first equation: in (4.3) can be 
transformed into 


a. 5) (rie ale Dio pave Skk (erdi: Haria fi H fui) 
raae nS Bet) (4.5) and using a. 5) yields 
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(4.6) (2n—1)(7.a—B1,) =—32Ky,,. 

Substituting (4.6) into (4.5) x(2v—1), we easily have 
(4.7) —3AK08ii + IAV igni = (20-1) Ka fis —Uj fai —2Uf ri). 

Transvecting (4.7) with u, and using (1.5) gives 

3aKojui= (22-1) K{ (1-4) fs; (—v;) —2u;(—20;)}. 

Again, transvecting v'w' to the above equation, we 

also obtain 
3AK(1—A?)?=3(m—1) KA (1 —12)2. 

If (1—13) ¥0 a.e., we have K=(2n—1)K, which means 
K=0, if =L, 

Furthermore we have from (4.6) 
(4.8) 7,a=6l,. 


On the other hand, from the second equation of (4.3), 
we get 
(4.9) (PB+al,) gi LP Ba Dg KUU itfi WS)» 
where we have used h;;=ag;; and k;;=6g;j:. 


Transvecting g;; to (4.9), we also obtain 


(4.10) (2n—1) (7,B+al,) =3AKu,. 
Substituting (4.10) into (4.9) x(2n—1) yields 
(4.11) (34 Ku,) gj:— (82Ku;) gas (22-1) Kf: 


—V;f i —20: fj). 
Transvecting v' to (4.11), we easily have | 
—8AKu jv; = (2n—1) K{ 1 —a2) f e HLA —20: (Au) }. 


And also, transvecting ui with the above equation 
gives 


=34 (1—22) Kv; = —3(2n—1) a. — 4?) Ko, 
Where we eevelngeelqg BSR Kangri Collection, Haridwar 
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Now, if 4(1—A?)=50 a.e, then K=0. 
This means 


(4.12) PB al, 
To begin with, let us consider the following two cases, 


(Case ]) If there is some open set in LESTR A0 
we obtain from (4.6) and (4.10) 
piu=p:(a?+ 62) =2(ar d-r B) =2(aBl,—aBl,) =0. 

This means that u=a?+ ? is constant. 
>s (Case J ) If 4X0 a.e, on any open set {PEM?|”2(P) 
0}, 

then we also think the following two cases (A) and 
(B), that is, 

(A) if 1—142¥0 a.e., on the open set, from (3.8) and 
(3.12) we obtain that p=a?+ B? is constant, 

(B) if there is some open set in {PEM?"|(1—4?) (P) =0}, 
then u;=v;=0. Hence we deduce (4.8) and (4.12) 
from (4.6) and (4.10). By using the same method, we 
know that u=a?+$8? is constant on M2”. Hence, by mak- 
ing use of theorem 2.2, we have 

Theorem 4.1. Let M?” be a complete connected totally 
umbilical submanifold of codimension 2 in a locally Fu- 
binian manifold Mma. If dim M?">2, then the submani- 
fold M?” is a totally geodesic or a sphere S”. 
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ON THE JORDAN STRUCTURE 
IN OPERATOR ALGEBRAS 


Gyunc Soo Woo 


1. Introduction 


The study of JB-algebras was initiated by Alfsen, Shultz 
and Stérmer [3], even though earlier approaches have been 
made by von Neumann and Segal. In [3], the study of JB- 
algebras can be reduced to the study of Jordan algebras of 
self-adjoint operators on a Hilbert space and M}. 

The purpose of this note is to show Jordan-Banach algebra 
versions of some facts about C*-algebras by some modifica- 
tions. In section 2, we give the formal definitions of JB- 
algebras and JB*-alcebras and some known results. In sec- 
tion 3, we study projections and ideals in JB-algebra. In 
section 4, we study the multipliers of JB-algebras. 


2. Preliminaries 


A Jordan Banach algebra is a real Jordan algebra A 


equipped with a complete norm satisfying 


llaobl|<|lal] R, a, BEA. 


A JB-algebra is a Jordan Banach algebra A in which the 
norm satisfies the following two additional conditions for 


a, be A 
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bo 


G) ell=lleall? 
Gi) Hæll <le +l. 


Examples of JB-algebras are JC-algebras, i.e., the norm 
closed. Jordan algebras of self-adjoint operators on a 
complex Hilbert space, and the exceptional M} consisting 
ofall Hermitian 3X3 matrices over the Cayley number, 

Note that an associative JB-algebra can be realized as the 
self-adjoint part of a commutative C*-algebra [15]. In 
finite dimension, JB-algebras are precisely the formally real 

Jordan algebras. However this is not true in infinite di- 
mensional JB-algebras [13]. 

A JB-algebra which is also a Banach dual space is said to 
be a JBW-algebra. Then the second dual, A** of a JB- 
algebra A is a unital JB-algebra and moreover, it isa JBW- 
algebra in the Arens product which contains A [14]. A 
special case of this is already known; if A is a JC-algebra 
then A** is isomorphic to a JC-algebra [12]. 

The reader is referred to [3, 4, 12,13] for properties of JB- 
algebras. The complex analogue of JB-algebras are the JB*- 
algebras (Kaplansky’s Jordan C*-algebras), introduced by 
Kaplansky, who first presented it at a lecture for the Edin- 
burgh Mathematical Society in July 1976. 

A JB-algebra is a complex Jordan Banach algebra of with 
an involution * such that for all ze xf, 


IHE, x*, x}\|=||x||? holds. 


For example, every C¥-algebra A is a JB-algebra in the 
Jordan product. The second dual, .(** of a JB*-algebra 
with the Arens product, is a unital JB*-algebra [20]. 
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It is known that the set of self-adjont elements of a uni- 
Pi JB*-algebra forms a unital JB-al-ebra, while, conversely, 
the complexification of a unital JB-alzebra in a suitable norm 
r JB*-algebra [17]. In [20], this also holds for non- 
unital JB-algebras. Therefore JB-algebras and JB*-algebras 
are in a one-to-one correspondence. 

A Jordan W*-algebra is a unital JB*-algebra which is 
the dual of a complex Banach space. In [11], it is shown 

| that the self-adjoint part of a Jordan W*-algebra is a JBW- 
algebra and the complexification of a JBW-algebra is a Jor- 
dan W*-algebra. The general theory of JB*-algebras can be 
found in [11, 17, 19, 20]. 


3. Projections and Ideals in JB-algebras 


If p?=p then p is called an idempotent. An idempotent 
in a JB-algebra will be called a projection. 
Let A be a JB-algebra and let a,b,c be elements of A. The 
Jordan triple product {a,b,c} is defined by 
{a, b, c} = (aob) ec +ao (bec) — (acc) ob 
and for a&A, U, and L, are defined by 
U,b= {a, b, a}, L,b=ach for bEA. 
\ 


Note that if A is a JC-algebra then {a, b, jaa (abc+cba), 


Recall that two projections p and q are said to be orthogo- 
nal if pog=0. 


LEMMA 3.1. Let p and q be projections in the JB-algebra 
A. Then the followings are equivalent. 


G) Pg=0 (ii) pog=0 (iii) {p,9,p}=0 (iv) +g is a 


Projection, 
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4 
Proor. By [13, Lemma 4.2.2] and easy calculation. 


Let A and B be JC-algebras. We call a linear map ¢ 
from A into B is a Jordan homomorphism if $ (ab) =$(a) 
oġ(b) for all a, bEA and ¢ takes the identity into the iden- 


tity. 
PROPOSITION 3.2. Let p and q be orthogonal projections 


of JC-algebra A and ¢ is a Jordan homomorphism. Then 
pp, z, q}) ={9( 2), $(2), $(Q)} holds for all EA. 


Proor. Since 2(pox)eg={p,x,g} and $(p)$(g)=0 by 


Lemma 3.1 we have 


$({ b, z, 93) =9(2( pox) 2g) =2(9 (P) 29 (X) )°9(Q) 
={( p), $ (1), 9(q)}. 


The following is a slight modification of [7, Proposition 
1.5.81. 


PROPOSITION 3.3. Let A and B be JC-algebras and ¢ isa 
Jordan homomorphism from A into B. If p is a projection 


of A, then dL p) is a projection of B. 


Proor. We get LLIS =$( p)96(p)=9 (pop) =9 (P") 
=¢( p) since p is a projection. Hence (p) is a projection 
of B. 


Recall that elements a, b in a JB-algebra A are said t0 
operator commute if L,L,=L,L,. i.e., if (asc) eb =a» (cb) 
for all c in A. If p is a projection in A than d and p ope 
rator commute if and only if L,a=U,a or a= U,at H, 

A projection p in A is said to be central if p operato! 
comm uteso*i HP die garai eane KefgrAollection, Haridwar 
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Remark. Central projections can be used to construct more 
neral ideals. For example, if A is a JB-algebra, B a JB- 


ge 
subalgebra of A and p a central projection in A, then the 


set of all b in B such that pob=0 is an ideal in B (in fact 
it is a Jordan ideal). For, let J={bEB|p-b=0}. If ael, 
cEB, then pe(acc) =( poa)oc=co( poa)=0. Hence acccJ, 


A subspace J of a JB-algebra A is said to be a Jordan 
ideal in A if L,bGJ whenever acJ, bed. A linear 
subspae J of A is a Jordan ideal if and only if abacJ 
whenever @G@A and beJ [12]. Note that Jordan ideals 
correspond to two-sided ideals in the following sense; A 
norm closed self-adjoint complex subspace 7 of a C*-algebra 
sf is a two-sided ideal if and only if its self-adjoint part 
Jsa is a Jordan ideal of sa. This can be seen easily by con- 
sidering the weak*-closure in  »f** of J and using [8, 
Theorem 2.3], or by [12, Theorem 2]. 

A subspace J is said to be a quadratic ideal in A if U,b 
EJ whenever del, b&A. Note that every Jordan ideal is 


a quadratic ideal. 


LEMMA 3.4. Let J be a Jordan ideal in a JB-algebra A. 
Then A/J with its natural Jordan product and quotient norm 
is a JB-algebra. 


Let 7 be a JB*-algebra with self-adjoint part A. A Jor- 
dan ideal 7 of of is said to be a *-ideal if, whenever zE7 
then Ye". Let J be the self-adjoint part of a norm closed 


ideal J of a, then J=J+iJ and J is a norm closed ideal 
of A. 


THEOREM 3.5 Fg Kait qeky! Kp Colleeigpatianidivast m be a 
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closed *-ideal. Then /7, when equipped with the quotient 
norm, is a JB*-algebra. Furthermore, if J is the self-adjoint 
part of 7, then the self-adjoint part of JT is isometrically 


isomorphic to A/J. 


REMARK. The self-adjoint part of Jordan *-ideals is pre- 
cisely the Jordan ideal in the unital JB-algebra A which is 
the self-adjoint part of £. 


LEMMA 3.6. If3A is a JB-algebra, then every weak *-ideal 
J of A** is of the form U,(A**) for a central projection 
peat. 


Proor. By [3, Lemma 9.1] J will contain an increasing 
approximate identity {U.}, i.e., O<U.<1, a<% implies 
U,<U, and ||U,ca—a||—-0 for all a&J. Since A**=A, A** 
is monotone complete; Let p be the least upper bound of 
{U,} in A**. Then by [3, Theorem 3.10], U.—>p strongly. 
It follows that ped and p?=p is an identity for J and this 


is also the greatest projection in J. Since J is an ideal, 
U,(A**) € J= U, (J ) SU, (A**), 


which shows J= U,(A**), Furthermore, if s?=1 and s&A**, 
then U.p is a projection in J and so U,p< p. Since US), 
by positivity of the map U,, we have 


p=U2p<U.p<p so U, p=p. 


a L L 


Since this holds for every symmetry, by [3, Lemma 5. 3] D 
is central. 


THEOREM 3.7. If p is a central projection in a JB-algebra 
A, then EAN Penan euel onan Cofecion, harduer L, if p. iS 
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E projection in A such that U,A is a Jordan ideal then p 


is central. 


Proor. If pis a central projection in A and then, for 
aed, L,a=U,a. Therefore, for bEU,A, 


boa=L,a=L,L,a=L,L,a=U,(bea) and beac U,A. 


It follows that U,A is a Jordan ideal. Conversely, if ael 
we must have poaGU,A, thus U,(poa)=poa. This implies 
U,a=L,a. Hence p is central. 


4, Multipliers of JB-algebras 


The concept of the multiplier algebra of a C*-algebra has 
been extended to JB-algebra by Edwards [10]. An element 
b in a second dual A** of a JB-algebra A is said to a mul- 
tiplier if, for each aGA, L,bEA. 

The set M(A) of multipliers of the JB-algebra A is a 
unital JB-algebra and is the largest JB-subalgebra of A** 
of A in which A is a Jordan ideal [10]. 


LEMMA 4.1. The JB-algebra A possesses an approximate 
identity. 


Proposition 4.2. If B is a JB-subalgebra of JB-algebra A 
containing an approximate identity for A, and operator 


commute, then M(B)CM(A). 


PRoor. Let {u;} be approximate identities for A cont- 
ained in B: For acA and bEM(B), acb= (lim aeu;)2b=ae 
(lim rs b EA since u;b&B and operator commute. Hence 
EM(A). Thus M(B)CM(A). 


For a JB-abgehimPuble Deth. Gheuseingoborequanesioafr elements 


——————— TT 
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of A, is a positive cone which generates A. A JB-subalgebra 
B of A is said to be an hereditary JB-subalgebra if when- 
ever 0<a<b with acA and bEB then deb. 


Lemma 4.3 [5]. Let A be a JB-algebra and J be an here- 
ditary JB-subalgebra of A. Then 
(i) The abelian elements of A form an hereditary and 


norm closed set. 
(ii) Each abelian element of J is an abelian element of A, 


Lemma 4.4. Every non-zero closed quadratic ideal in the 
multiplier algebra M(A) of the JB-algebra A has non-zero 


intersection with A. 


Proor. Let J be a non-zero closed quadratic ideal in M(A) 
and let b be a non-zero element of the positive cone J* in J. 
It follows from [8] that b!”2 is also an element of J+. 

For each element a EA, 


U ı 24=2(L1/2)?a—Lya 


b 


isan element of A since both b and b/? are elements of M 
(A). Let {u;} be approximate identities for A. Then 
{U 1 2 uj} is a bounded increasing net in A which possesses 4 
least upper bound in A**, It follows from [14, Lemma 2.2] 
that this least upper bound is b. Therefore, for some if 


U 172440 and 0<U E 
Hence the positive cone J* in J is a closed face of the 


cone M(A)* and it follows that U 1724; is an element of JNA. 


; S jon 
The following theorem is a Jordan Banach algebra verts!© 
C-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
of C¥-algebra case [2, Proposition 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


ON THE JORDAN STRUCTURE 9 


THEOREM 4. 5. Each non-zero hereditary JB-subalgebra of 
M(A) has a non-zero intersection with A. 


proor. By Lemma 4.4 and by the fact that norm-closed 
quadratic ideals of JB-algebra A are precisely the hereditary 
JB-subalgebras of A. 


A Jordan ideal J in a JB-algebra A is said to be essential 
in A if every non-zero closed Jordan ideals in B has non- 


zero intersection with J. 


TyeoreM 4.6 [10]. (i) The JB-algebra A is essential Jor- 
dan ideal in its multiplier algebra M(A). (ii) If the JB- 
algebra A is an essential Jordan ideal in a JB-algebra B 
then there exists a Jordan isomorphism from B into M(A) 


which is the identity mapping on A. 
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ON FINITELY GENERATED SEMIPRIME ALGEBRA 
OVER COMMUTATIVE RINGS 


YounG IN Kwon AND CHANG Woo HAN 


1. Introduction 


Let R be a commutative ring. E.P. Armendariz studied in 
[2] that a semiprime finitely generated R-algebra when R 
is a regular ring and that by combining the above fact with 
the results of [6,7], R is semiprime and every f. g. semiprime 
R-algebra A is Azumaya if the ring R is regular. 

In this paper, we prove converse of Armendariz’s theorem 
and we get a necessary and sufficient condition on which 
a regular ring R is z-regular. 


That is, we have the following results; 

1) Let R be a commutative ring. Then the following are 
equivalent; 

i) R is yon Neumann regular. 

ii) R is semiprime and every f.g. semiprime R-algebra 

is Azumaya. 

2) Let R be a commutative ring. Then the following are 
equivalent; 

i) R is von Neumann regular. 

li) Every integral extension of R is 7-regular. 


An algebra, A is called Azumaya if R is both central and 
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separable. The ring R is said to be P.I. ring if R satisfies 
a polynomial identity with coefficients in the centroid and ay 
least one coefficient is invertible. All other notations and 
terminologies will follow from [2] and [4]. 


2. Preliminaries 


Kaplansky made the following conjecture in [4]: A ring 
R is von Neumann regular if and only if R is semiprime 
and each prime factor ring of R is von Neumann regular, 
That the conjecture fails to hold in general was shown by 


a counter example of J.W. Fisher and R.L. Snider. 


THEOREM 2.1 [4]. A ring R is von Neumann regular if 
and only if R is semiprime, the union of any chain of semi- 
prime ideals of R is a semiprime ideal of K and each prime 


factor ring of R is von Neumann regular. 


Since any finitely generated algebra over a commutative 
ring satisfies a polynomial identity (is a P. I. -algebra), this 
leads to consideration of semiprime P. I. -algebra with regular 
center. 


THEOREM 2.2 [2]. Let A be a semiprime finitely cenerated 
algebra over a commutative regular ring R. Then A isa 


regular ring. 


The ring R is finitely generated as a ring over its center 
Z(R), if R is an epimorphic image of a free (non commuta” 
tive) ring over Z(R) generated by finitely many indeter- 
minates [£1 £2: x,] which only commute with elements of 
Z(R). Following C.Proces, the ring R is called an affine 


ring if R ds finitelpgenceated KNE TAER E 
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THEOREM 2.3 [7]. Let R be an affine ring. Then the follo- 
wing properties are equivalent; 
1) Every simple right R-module is injective. 
2) R is von Neumann regular. 


3) R is biregular. 


THEOREM 2.4[2]. Let A be an algebra over a regular ring 
with center of A being R. A is Azumaya over R if and only 
if A is a biregular ring which is finitely generated over R. 


Combining Theorems 2.2, 2.3 and 2.4, we have the foll- 


owing result. 


THEOREM 2.5 [2]. Let A be a finitely algebra over a 
regular ring. The following conditions on A are equivalent: 

1) A is semiprime. 

2) A is regular. 

3) A is biregular. 

4) A is semiprime Azumaya algebra. 


The follwing theorem was shown by Storrer. 


THEOREM 2.6 [4]. Let R be a P.I. ring. Then the foll- 
owing are equivalent: 

1) R is z-regular. 

2) Each prime ideal of R is primitive. 

3) Each prime ideal of R is maximal. 

4) R is left (right) z-regular. 

5) R/rad(R) is x-regular, where rad(R) is prime radical. 

6) Each prime factor ring of R is von Neumann regular. 


3. Main results 


LEMMA 3. l.cdæn dub Bomaiccpamnutedii@oRARKEHRAAG and OFa 
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ER KAS S aR) is Azumaya, then a is invertible in R 
aR R : 


Proor. It is easily checked that R coincides with the center 
Z(A). Now if A is Azumaya, A®QrA*=Hom,(A, A). Tn 
this case c(a®b) (x)=axb for xEA. 


Consider fEHom, (A, A) such that FC RS o 
00 


5 4 Al 
Then since A is Azumaya, there are (i Ee d (7: ay: 


aZ; Wi az; w; 
in A, leren for some 7 such that 
10, ap Ti Yi (0a, (x ay,’ 
(o 0) 5È | az; Wi ) lo 0 i g) 


By this relation, we have 1&a?R and so d is invertible in R, 


THEOREM 3.2. Let R be a commutative ring. Then the 
following are equivalent. 

1) R is von Neumann regular. 

2) R is semiprime and every f.g. semiprime R-algebra A 


is Azumaya. 


Proor. Assume that R is von Neumann regular. By Theorem 
2.5, A is Azumaya algebra. 

For the opposite direction, let P be a prime ideal of R. 
We will show that P is a maximal ideal of R. Now, take 
aER and consider an R-algebra A= R GIS he Then A 154 

aR R 


finitely generated semiprime algebra over R. In this case, the 


center: 202) 1 ae ) | (z-w)a=0 2 By our assumption, 
0 w 


A is sepazable REEDA hA Burukul Kangri Collection, Haridwar 
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R/P : 
Í / aR/P) with o| Z ay, ] 
aR/P R/P az w 


ETA LER; where Z=a+P. Then since a@P, we have 
aztp wtP 


Consider the mapping o:A 


that Ker c= {( PEY IE Y, z, weEP}=PA. Therefore 
az w 
R/P aR/P 
A= . 
A/P | @R/P R/P ) 


Now since PZ(A)A=PA and A is Azumaya, we have 
PANZ(A)=PZ(A). So A/PA is Azumaya over Z(A)/PZ(A), 
Also in this case Z(A/PA)=Z(A)/PZ(A) [1]. But since 


appaz( R/P @R/P )) we have Z(A/PA)=R/P. So 
a@R/P R/P 

R/P gee) is Azumaya over R/P. Therefore, by our 

aR/P R/P 


Lemma 3.1, Z is invertible in R/P. Hence R/P is a field. 


Thus R is a von Neumann regular ring. 


COROLLARY 3.3. Let R be a commutative ring, then the 


following are equivalent: 


1) R is von Neumann regular. 
2) R is semiprime and for every finitely generated R- 
algebra A, J(A) is nilpotent and, A/J(A) is Azumaya. 


Proor. In [2], E.P. Armendariz proved that if R is von 
Neumann regular then J(A) is nilpotent and A/J(A) isa 
regular ring. 

Conversely, let P be a prime ideal and a@P. Then 
As( R aR 

aR R 


ut since A is @ agrmabising, Anite GkHOHORn Gana’ DAVE 


) is finitely generated semiprime R-regular. 


———E—————————— 
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0=J(R)=RNI(A) and so R=A/J(A). This shows that 
A/J(A) is R-algebra. 

Now since A is semiprime and J(A) is nilpotent, J(A) = 
Therefore A is Azumaya. By Theorem 3.2, R is von Neu- 


mann regular. 


Let A be a ring with identity. Consider the condition (x) 
the ring A satisfies a polynomial identity f(x, Xp, x) 
=0 for which f has coefficient in C, the center of A, 
and for which at each prime ideal P of A, f induces a 
nontrivial polynomial identity on A/P. 


THEOREM 3.4 [5]. Let A be a ring with identity which 
is integral over unital subring B of C, the center of A, 
suppose futher that B satisfies (x), then; If P is prime ideal 
of A, P is maximal ideal of A if and only if PQA is maxi- 
mal ideal of B. 


THEOREM 3.5. Let R bea commutative ring. Then the 
following are equivalent; 
1) R is von Neumann regular. 


2) Every intezral extension of R is z-regular. 


Proor. Suppose that R is von Neumann regular and A is 
integral extension of R. To show that A is z-regular, let P 
be a prime ideal of A. Then A/P is integral over R/PNR. 
Since P is a maximal ideal of A, PAR is maximal ideal 
of R. Therefore R/P/IR is a field. By Theorem 2.6, A/? | 
is z-regular. Thus A is z-regular. Conversely, since A2 
( RR 

RR 
follows Rn Publis yea. Rusu sana ¢elecibartiaridwar 


It 


) is integral extension of R, it is n-regulat. 


[1] A. Brown, On Artin’s theorem and 


[2] E. P. Armendariz, On semiprime P. I. -algebr 


7 
for) 


J F. DeMeyer and E.C. Ingraham, 
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CERTAIN SUBCLASSES OF ANALYTIC 
P-VALENT FUNCTIONS 


SANG KEUN LEE AND SHIGEYOSHI OWA 


1. Introduction 
Let A, denote the class of functions of the form 
(1.1) fe) =z2 +} apr STL (pEN={1,2,--}) 


which are analytic in the unit disk U= {z:|z|<1}. For f(z) 
and g(z) being in the class A, f(z) is said to be subor- 
dinate to g(z) if there exists a Schwarz function w(z), w(0) 
=0 and |w(z)|<1 for z&U, such that f(z)=g(w(z)). We 
denote by f(z)<g(z) this relation. In particular, if g(z) 
is univalent in the unit disk U, then the subordination 
f(z)<g(z) is equivalent to f(0)=g(0) and f(U)Cg(U). 

A function f(z) belonging to A, is said to be in the class 
S*, [a,b] if it satisfies 

zf’ (z az 

me) wae ae 
for some a and b with-1<b<aSl, and for all seU, 

Further, a function f(z) belonging to A, is said to be in 
the class Kla, b] if it satisfies xf’ (z)/pEs*[a, b). 

The class S* [a,b] was introduced by Goel and Mehrok 
(i, C27), n, faie Qeransquuxerteniicaglietive, Holawar Ky La: b) 


j 


e 
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was introduced by Silverman and Silvia [5]. 
Let S*,(a,b) be the subclass of A, consisting of functions 


which satisfy the condition 


sf) a 
PF (2) 

for some a and b with asb, and for all z&U. Furthermore 

we denote by K,(a, b) the subclass of A, consisting of func- 

tions which satisfy the condition zf’(z)/p © S*,(a, b). 
The classes S*,(a,b) and K,(a,b) were introduced by 

Silverman [4] and Silverman and Silvia [5], respectively. 


<b 


(1. 3) 


2. Some Properties 


We begin with the statement and the proof of the foll- 


owing result. 
THEOREM 1. If —1<b<a<l, then 


(2.1)  S*,Ca, m= (2, a) 


Further, if a=b, then 


eok P G—ata l-a 
(2. 2) Sx, (a, b)=S*,| ————, =^] 


Proor. We employ the same manner by Silverman and 


Silvia [5]. Let f(z) E S*,[a, b] with —1<b<a<1, that is, 


Li) IT 
(2. 3) DO) <F(z)= Teepe 


By using the result due to Singh and Goel [6], we have 


(2.4) F(z) -Igle EPE- (set). 


Tt follows tnam ndal bub Rdanaaa-taueinae |z|=1 ont? 
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a circle 


a—b 
1—8? ° 


1—ab 

(2. 5) w Sea 
This implies that 

giz = ab 

PF (2) Ep 

Noting (1—ab) / (1—8?) = (a—b)/ (1-b?) for —1<b<a<], we 


obtain (2.1). 
Next, let f(z) E&S*,(a,b) with a=b, that is, 


-b 
pop (-1<b<aSl; setn. 


(2. 6) < 


G 
Then we have to find A and B with -1<B<ASI1 such 
that a= (1—AB)/(1—B?) and b=(A—B)/(1—B?) for a=b. 
Because we find such A and B, then we have 


2) (2) (eS AB Ze eae Bilal 
pfe) 1 Bz |= 1-B ze 


(2.7) 


(2.8) 


which implies 


2.9 zf' (z) l+Az 
ee ri 


or f(z) ES*,0A, B]. 
Letting A=B+6(1—B?) for —1<B<ASI1, we obtain 


(2.10) B34 (a—1)B?—bB+1—a=0. 


The above equation (2.10) has the solutions B=-+1, 
T Since —1<B<ASI, we only take B=(1—b)/a. 


= we have B=(1—b)/a and A=(b?—a?+a)/b. This com- 
p 


“tes the proof of (2.2). 


THEOREM 2. I€C-9. Ebes ieas, Gibe kang Collection, Haridwar : 
E 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


24 SANG KEUN LEE AND SHIGEYOSHI OWA 
l—ab a—b 
(2.11) Kre, bI=K,(4—> ar) 
Further, if azb, then 


pag at 
(2.12) KCO KR; — =<]. 


Proor. Note that f(z) E K,[a, b] if and only if O 
eS*,[a,b], and that f(z) E K, (a, d) if and only if zf’ (z)/p 
ES*,(a, b). Therefore the proof of Theorem 2 follows form 
Theorem 1. 


Next we prove 
THEOREM 3. S*,(a1, b1) ES*; (az, b2) if and only if |a,—a,|< 
b,—by, Furthermore, S*,[a, b,]SS*,[a2, b] if and only if 
|aob, — ab < Lda 01 — (b,—b,). 
Proor. Since S*,(a,, b1) CS*;(a2, b2) if and only if 
{w:|w—a,|<b,} S{w:|w—a,| <3}, 
or, if and only if a,-b,Sa,—b, and a+b, dab. we 
have S*, (a; bı) S*,(a,,b2) if and only if lga dula D, 
In view of Theorem 1, we note that S* Ca, b,]ES* Cas, ba] 
if and only if 
{w:|w—A;|<By}={w:|w—A,|<B3}, 
where A;=(1—a;b;)/(1—b?) and B;=(a;—b;)/A—6?), 
which equivalent to |A,—A,|SB,—B,, Thus we have 
S*,[a;, b1] =S*,[ a> bo] if and only if lab — a,b £ (a2—%) 
— (b,—b,). 
Finally, we have 


THEOREM 4. K,(a;b,) CK, (az b2) if and only if leat 


b,—b;, Furthermore, K,[a,,b,]¢K,[a2,b:] if and only if lah 
—a,b,| Sepang plie Rann Kangri Collection, Haridwar 
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PRIME DUAL IDEALS IN TANAKA ALGEBRAS 


YOUNG BAE JUN AND KyuNG RIN CHUN 


1. Introduction 


K. Iseki [6] has introduced the notion of a BCK-algebra 
which is an algebraic formulation of a propositional calculus, 
We refer to Iseki [7], [8], and [9] for certain basic proper- 
ties of these alzebras. The ideals and their properties were 
studied by K. Iseki and S. Tanaka [10]. Elias Deeba [5] 
has introduced the notion of dual ideals in BCK-algebras. In 
[1], B. Ahmad has given a characterization of prime dual 
ideals in Tanaka algebras. In this note, we obtain some 
properties of prime dual ideals in Tanaka algebras. We recall 
that a set X is said to be a Tanka algebra [9] if the follo- 
wing conditions are satisfied: 

(1) (X,<) is a partially ordered set with least element 0, 

(2) Le MTs = (rez) xy, 

(3) LES = yey), 

Where <y means r*y=0. 

S. Tanaka proved that the algebra X is a semilattice with 
respect to x/\y which is defined by ya (yer), and X is a 
BCK-alzebra, i.e. (axy)(aez)<z*y holds in X (See S. 
Tanaka [11], [127). 

Ina BCK-~-alzebra, the notion of a dual ideal has been de- 


fined ; 
ed S 
an (5] asde lhos Domain. Gurukul Kangri Collection, Haridwar 
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DEFINITION. A non-empty subset Dof Xis a dual ideal in 
X if the following conditions are satisfied: 

(1) zED, z<y imply yED. 

(2) zED, yeD imply there exists an element zE&D ard 
that <a, S, 

In [1], B. Ahmad has defined a prime dual ideal as follows: 


DEFINITION. A dual ideal Pina Tanaka algebra X is calleq 
a prime dual ideal if for any x,y, xVyCP implies rep 
or yEP. 


2, Main Results 


Lemma 1. Let {Pi}icer be a non-empty family of prime 
dual ideals in a bounded Tanaka algebra X. If the family 
is totally ordered by set inclusion, then both y P; and N P; 


are prime dual ideals. 


Proor. To prove U P; (put P’) isa prime dual ideal, 
i 


suppose EP’ and TN for every 7, ve X. Then we have 
xEP, and x<y for some iE, which imply eP, for some 
i. This means that yeP’. Assume that x and y are in Br 
Then xEP; and y€P; for some i,j. If P;C P; then 7, yE 
P; and hence there exists an element z&P; C P’ such that 
z<a and z<y. If P;C P; then x, yEP;, and therefore there 
exists z@P; C P’ such that -<a and z<y. Thus in any 03% 
there exists an element z@P’ with z<a and z<y. It follows 
that P’ is a dual ideal. Next suppose that aV yer! ant 
TEP. Then rtVyEP, and xP; for some t, which imply 
yEP;CP’. Therefore P’ is a prime dual ideal. 


l IN s ideal, 
To PLOVE Pute R En Burda Rar 015. 0 ual a 


we first 
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assume that zeEP” and <y for all x, y&X. Then xeP, 
md TL9 for all i&l. This imply that yeP; for all i, and 
hence yeP”. If x and y are in P” then z, eP, for all i. 
Then there exists z&P; such that z<x and z<y for all i. 
It follows that ze@P” with z<x and z<y. Thus P” is a 
dual ideal of X. Now suppose that xV y belongs to P” but 
vé Br. Then it is possible to choose i with xVyeP; but 
«EP: Then yEP;, Finally let j be an arbitrary element 
of I. If PCP, then ySP;, On the other hand, if DPD, 
then cVyEP; while x€P;, Consequently yeP;, Thus in 
any case yEP; and hence yeP’’. Therefore P” is a prime 
dual ideal and the proof is complete. 


PROPOSITION 2. Let D bea dual ideal of a bounded Tanaka 
algebra X and let P be a prime dual ideal containing D. 
Then P contains a prime dual ideal which contains D and has 


no smaller prime dual ideal containing D. 


Proor. Denote by # the set of all prime dual ideals which 
contain D and are contained in P. Then J is not empty. 
Define a relation < on F by P’<P” if and only ie dee Je" 
for all P’, PEF. Then (¥, <) is a partially ordered set. 
Let S be a non-empty totally ordered subset of F. By the 
above Lemma, the intersection of all members of S is a 
Prime dual ideal P, say. This certainly contains D and is 
contained in P. Consequently Pe. Since PCP’ for all 
WES svehave P’<P for every P’eS. Thus Pis an upper 
bound for S. By Zorn’s Lemma, F contains a maximal 
element P*, and hence P* is a prime dual ideal and 
DERE, Suppose now that P** is a prime dual ideal 
Satisfying DOR Cotte a est and Pecpe. Py 


| Kangri Collection, Haridwar 
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the maximality of P*, we have P*=P**, which complete, 


the proof. 


LEMMA 3. Let X be a bounded and implicative BCK-a] 
and D be a dual ideal of X. Then Dis maximal 
implies D is a prime dual ideal. 


gebra 
dual 


Proor. See [3], p.650. 


PROPOSITION 4. Let X be a bounded and implicative Tanaka 
algebra, A an ideal of X, and let D be a dual ideal of X 
such that D)A=¢. Then X contains a prime dual ideal 
which contains D and disjoint from A. 


Proor. Let £ be the set of all dual ideals which contain 
D and disjoint from A. £ is non-empty because DEJ. We 
shall show that is inductively ordered by inclusion. To 
this purpose, let 9’ be a totally ordered non-empty subset 
of O. Let E be the union of all dual ideals in 9’. Then, by 
Lemma 1, E is a dual ideal. Also E contains D and disjoint 
from A, which implies that EE 9. Moreover, it is clear 
that E is an upper bound of £9’. By Zorn’s Lemma, J has 
a maximal element, say P. It follows from Lemma 3 that 
P. isa prime dual ideal. 
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BAYESIAN SHRINKAGE ESTIMATION OF THE 
RELIABILITY FUNCTION FOR THE LEFT 
TRUNCATED EXPONENTIAL DISTRIBUTION 


Man Gon Park 


1. Introduction. 


Consider the two parameters exponential distribution with 
positivity constraint on the truncation parameter defined by 
the probability density function, 


(1) f(2l@, »)=r7expl[—A i (x—0)], z>O, r>0, 


where 6>0 for the density to be left truncated. 
The model (1) will be referred to as the left truncated 
exponential distribution. 

It is well-known that the left truncated exponential distri- 
bution is really appropriate as a lifetime distribution model 
for reliability and life-testing. 

Evans and Nigm (1980) investigated that the use of the 
two parameters exponential distribution with no positivity 
constraint on the truncation parameter as a lifetime distribu- 
tion model is unrealistic and may lead to inefficient infere- 
nees and prediction. 

Both classical and Bayesian estimation of the reliability 
function for the two parameters exponential distribution 
With or with cq@ in Besta: Cools teadn Colleomn, theawiruncation 
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parameter have studied by many authors, including Bory 
(1964), Varde(1969), Grubbs(1971), Pierce(1973), Sinha ai 
Guttman(1976), Sinha and Kale(1980), Martz and W 
(1982), Trader(1985) and so on. 

Trader(1985) considered the truncated normal distribution 
as a prior distribution for the truncation parameter in the 


aller 


left truncated exponential distribution. 

The shrinkage estimation techniques have been advocated 
by a number of authors as a procedure for lowering the 
mean squared-error (MSE) of the minimum variance unbiased 
estimator (MVUE) or maximum likelihood estimator(MLE) 
[see Thompson(1968), Mehta and Srinivasan(1971), Pandey 
and Singh(1980), Pandey and Srivastava(1985) and so on], 


In recent year, the use of Bayes shrinkage estimation of 
the parameters for binomial, Poisson and normal distribu- 
tions were considered by Lemmer (1981) at first. But he has 
been little paid attention to lifetime distributions-exponen- 
tial, Weibull etc. 


Pandey and Upadhyay(1985) considered the Bayes shrinkage 
estimation of the parameters for Weibull distribution, and 
discussed the relative s-efficiencies of these Bayes shrinkage 
estimators with respect to the unbiased estimators of En- 
gelhardt and Bain(1977) on the basis of a Monte Carlo study 
of 500 random samples. 

In this study, we will consider some Bayes shrinkag? 
estimators of the reliability function in the left truncated 
exponential distribution. | 

First, we will give the MVUE and Bayes estimators 
the reliability function with the noninformative and C% 


jugate pap d rak etion guu bgp aig abn, Haridwar 
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Next; using the Bayes estimator instead of the guessed value 


which is close to the true unknown value, such as that 
aiven by Pandey(1985), we will propose some Bayes shri- 
K estimators of the reliability function in this model. 
Finally, we will compare the relative s-efficiencies of the 
Bayes shrinkage estimators with respect to the MVUE by 
the Monte Carlo simulation and numerical evaluation techni- 


que in the sense of MSE. 


9, MVUE and Bayes estimators of the reliability 
function. ! 


Let voLTs ALa be the first r ordered observations 


of n failure times form the left truncated exponential disti- 
bution(1) under test without replacement. 
For a given time ¢, the reliability function, the proba- 


bility that survival until time ¢, is given by 


(2) R,=1-F()={ fla)de 


t—0 
X 


=exp(— IS t20, 


where F is the cummulative distribution function of the 
failure time x. 

Basu(1964) obtained the MVUE of the reliability function 
at time Z to be 


= Xa ime) 
eed) (1- E =o) » Lay<t<flatIyr 


3 eg y 
©) R= 1 S 


3 t> Gaps 3 


W S 
here y,= = (Za —Lqy) + (n=r)(T =o). 
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The likelihood function is given by 


(4) LO, XE Tea» Te)” exp{ -> [y +a —6)]p 
0<6<2X%q) rA> 0. 


The noninformative joint prior distribution of @ and A is 6 
taken as [Sinha and Guttman(1976) ] 


(1-6) s if 00; A= Ào 


0, A) = 
(5) g ) b/a Ñ otherwise, 


j where a>0, 0<b<1, A>0, UHE, Ao, Ao are the prior d 
values in the vicinities of the true values 0 and A, respec- | 
tively, and the prior distribution has weight (1—0) in the | b 
prior values and weight b in the rest intervals. 
We obtain the joint posterior distribution of 0 and X as 
(6) SLD, Mans Fer, +) Le) 
= LG, Mar» Leys» Lor) giC9, A) Y 
S L LR, Xan Lans Ly) BC, A) Ando 
t 


Therefore, from (4), (5) and (6), the Bayes estimator of 
the reliability function with the noninformative prior distri- 


bution under the squared-error loss can be written as 
REIS EERE, To Lay] 


GD) 
<l L Ri gO, Man Lan, Ley) AAO 


= Pree tl, pott- ans Pott) +Q(qitt—%) 
P 4a-2( Pi, Da. £3) + O(a). 


where 


Pie = P'(r+a—2) IL puna 
r+a-2( Pi, Po, Dalh Da pr? fee) ’); 
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Og = — Bro.” E 


D, Da N. Da N LHD IA ETT 1 
Also, we can use the conjugate joint prior distribution of 
g and X as [Evans and Nigm(1980)}] 


(1-6) B if 0-0, > A= Ào 


(8) 2, v=] d+h(m-0) 
ET 


1 
b G exp|— , otherwise, 


where to be a proper prior distribution we must have c>2, C 
d>0, h>0, and 0<0<m, r>0. 
From (8), the joint posterior distribution of 0 and X 
| becomes 
(9) g0, AlZa, Lans Lar) 
= LO, AlLar Ton's Lor) gL, r) 
is K LO, Xan Lon, Se) E29, Vad, 


| where A=min(m, £as). 


Therefore, from (4), (8) and (9), the Bayes estimator of 
the reliability function with the conjugate prior distribution 


under the squared-error loss can be written as 


(10) KR CR |£, LQ), s ZG) 


= = be K 2209, AlZar, Toa Ly) drdb 
-0 
P.,.-o( py tRHEL, potneaytdthm+t— 
ELPA ‘oad -+hm-+t)+Q(ai+t—60)) 
Ph, potn&aytdthm—(n+h)A, 
p3t+d+hm)+Q(q1) 


3. Bayes shrinkage estimators of the reliability 
function. 


Let us consid Gy”: n Ribic Pma: Gurykulstagar GPlledien fidanawar 


E eee 


ti‘ 
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T=k(§—9) +00, 
where 0<k<1, ĝ is the MVUE of 0 and ĝo is a prior value 
which is close to the true unknown value 0. 

This shrinkage estimator for 0 was considered by Thompson 
(1968) at first, and showed that T is more efficient than 
MVUE for mean parameter in the sense of MSE when sam- 
ple size is small and ĝo is in the vicinity of true value @ in 
the normal, Poisson, binomial and gamma population, j 

Now we propose two classes of the Bayes shrinkage esti- 
mator of the reliability function: 

(12) Tae BLR RED + R* 1 

=k, R,+(1—-k)R* 1, 
(18) Taa bat R RATRE 
KRL ETRE, 
where 0<k;, k:<1, R, is the MVUE of R. R*,, is the Bayes 
estimator of R, with the noninformative prior distribution 


and KY: is the Bayes estimator of R, with the conjugate 
prior distribution. 


4. Comparisons of the relative s-efficiencies of the 
Bayes shrinkage estimators with respect to the 


MVUE. 


The relative s-efficiencies of the Bayes shrinkage estima- 


tors with respect to the MVUE of the reliability function 
are given by 


(14) REF\(Tan, R,)=Var(R,)/MSE(T x1), 
(15) REF(Taiz, R,)=Var(R,)/MSE(T z), 


where Rods thu BiBn fury Kamar Colection, Hasy Sres shrinkage 


, —_ 
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estimator of R, with the noninformative Prior distribution 
(5) and Trz is the Bayes shrinkage estimator with the 
conjugate prior distribution (8). 

A Monte Carlo study has been performed on the relative 
s-efficiencies of the proposed Bayes shrinkage estimators 
with respect to the MVUE and the numerical values of the 
relative s-efficiencies of proposed Bayes shrinkage estimators 
with respect to the MVUE have been evaluated by use of 
the computer system. 

The Monte Carlo simulation on the relative s-efficiencies 
of Tra and Tp. with respect to R, has been performed as 
the following four parts, 


Part 1: 500 random samples of the first 7 ordered failure 
times were generated from the left truncated ex- 
pontial distribution (1) with the parameters X and 
Ô such that 0/6 is fixed at 1 and A/o: 0. 5000. 25) 
1.75 varies with (,7r), and REF, (Tan, R,) were 
evaluated for a=1,b=0.2 (0.2) 0.8 and k,=0.2 
(0.2) 0.8 to avoid complexity on the table 1. 


Part 2: 500 random samples of the first r ordered times 
were generated from the left truncated exponential 
distribution (1) with the parameters à and 6 such 
that X/Ao is fixed at 1 and 0/6): 0.50(0.25) 1.75 
varies with (7,7), and REF,|(T zu, R,) were eva- 
luated for a=2, b=0.2(0.2) 0.8 and 2,=0. 2(0.2) 
0.8 on the table 2. 


Part 3: 500 radom samples of the first 7 ordered failure 
times were generated from the left truncated ex- 
ponghtila Puis periant tpi bpn bier he, Haidwaneters À 


——————————— “| 
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and @ such that 6/0) is fixed atl and A/Xo: 0.50 
(0.25) 1.75 varies with (7,7), and REF, Gen 
R,) were evaluated for cal, GER =i, m=9, 
b=0.2(0.2) 0.8 and k,=0.2(0.2) 0.8 on the 
table 3. 

500 random samples of the first r ordered failure 
times were generated from the left truncated ex- 
ponential distribution (1) with the parameters X 
and @ such that A/ùo is fixed at 1 and 0/0): 0. 50(0. 
95) 1.75 varies with (7,7), and REF,(Tri2, A) 
vere evaluated for c~ 5, d=2, h=] m=2; bS 
0.2(0.2) 0.8 and &,=0.2(0.2) 0.8 on the table 4, 


Throughout the table 1-4, we obtain the following results: 
(a) Trn is more efficient than MVUE R, in the sense of 
MSE for all possible values of 7,7, a,b and b, contai- 


ned the effective interval which is in the vicinity of 


true value X or @. 

(b) Tro is also much more efficient than MVUE R, in the 
sense of MSE for all possible values of 2, 7, c,d, h, m, 
b and k, contained the effective interval which is in 
the vicinity of true value X or @. 

(c) When the guessed value Xo is true, that is X/Ao is L 


Tra and Tp. are most efficient in the sense of 
MSE. 


(d) Trz is more efficient than Tp, in the sense of 
MSE. 
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In the comparisons of the Monte Carlo relative s-efficj- 
encies of the proposed Bayes shrinkage estimators for the 
reliability function with respect to the MVUE in the left 
truncated exponential distribution based on type Ī censoring, 
the proposed estimators are more efficient than MVUE in 
the sense of MSE for all possible values of n, r, a, b,c, d, h, 
m, k, and kz if X/Ao and/or 6/6) approach 1. Also, the Bayes 
shrinkage estimator with the conjugate prior distribution is 


5. Conclusions. 


more efficient than the Bayes shrinkage estimator with the 
noninformative prior distribution. 
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FIXED POINTS FOR FAMILY OF MAPPINGS* 
S. L. SINGH AND ARORA VIRENDRA 


Common fixed point theorems for family of mappings on 
2-metric spaces (Gähler 1963/64) have been established among 
others by Lal-Singh (1978), Rhoades (1979), Singh (1979), 
Ram (1982) & Cho (1985). Ram (1982) established the follo- 


wing result: 


THEOREM 1. Let {S,} be a sequence of mappings from a 
complete 2-metric space X to itself. Let T be a continuous 
mapping from X to itself such that T and S, commute and 
S,(X)=T(X), n=1,2,3--:. If there exists a positive num- 
ber g<1 such that for every pair i,j, ij, 


1D d(S;x, Siy, a)<q.max!d(Tx, Ty, a), 
d(S;x, IEG a), d (Sy, Ty, a), 
HA (Six, Ty, a) +d(Siy, Tx, a)1] 


for all z, y, a in X, then T and the sequence {S,} of ma- 
Ppings have a unique common fixed point. We prove the 


following: 


* The intent of this paper is to offer common fixed point theorems for 
a countable family of map gs on 2-metric spaces 
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THEOREM 2. Let (Sa) be a sequence of mappings from a 
2-metric space X to itself. Let T be a mapping from X to 
itself such that 
(2.1) S,(X)ET(X); Ma lay 
(2. 2) T(X) isa complete subspace of X. 

If there exists a positive number d <l such that for every 

pair i,j, TE), the condition (1.1) holds, then T and S,(n= 
j 1,2,3, =) have a coincidence point, i.e. there exists a point 


z such that 
Tz=S,z, n=l, 2,3, --- 


Further, if T and S,, m=1,2,3,---, commute at z then T 
and S,, 2=1,2,3---, have a unique common fixed point. 


Indeed Tz is the unique common fixed point. 


Proor. Pick x) in X. Construct a sequence LTE, such 


T(X). By (1.1), 


GMa Ker DEAS S 1, 2) 
<q.max la SR cred). 

GSE et, )> 

UGS tree Tah], 


that Tr, =S,£,-1, n=1, 2,3. We can do this since S,(X)E í 
TR 
2 atin, LL, a) 


S En i, TEn, a) J} 


=q.max{d(Tz,, T£,1,4), l 
GIL SLI 
Gl daar TR n Zo 
TRS Tx, a) 
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giving 


aem Ez, a) <q: max ld (Tx Raw Eo 


L 


T TSS ash 3 


and also 
d(T Erri, T Lei) =0, 
Now, as in (Ram 1982 or Singh-Tiwari-Gupta 1980), it can 
be shown that {T'z,} is a Cauchy sequence. Since T'(X) is 
complete, it has a limit in T(X). Call it p. Then there 
exists a point z in X which is a pre-image of p under T, 
that is Te=p. 
Now, for any n,m, n>m by (1.1), 


a(S, Tni, ae, a) <q. max {d(T2,-1, Tz, a), 
AlS pini, Tti, a), 
d (Sn, dz: a), 


afd SS SI a) 


+d(S,2, Tae. RI 
=q. max RE Tz, a), 0, 
d LB... Lez, a) L 


ZET. Tz, a) 
SONGS, IEG 5), RIE 
Making m—co, we obtain 
d(Tz, Saz, @)<q:d(Smz, Tz, a). 
Since @ is arbitrary, 
Pes §, 02, 


This is true Horo. apn pomblETOR aussi Vial 0 EHRR Point of 
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T and S;, daly By Sro 


Now assume that T and S,, for each 7, commute at < Len 
TS,2=8;Tz, i=1,2,3, = 
Also 
TS, 2=S;T2=S)Sjz=SiSi2- 
Then by (1.1), for m+n, 


A(S,2, Sy5,2, 2 =A (Sz, IEO 
=d (SZ, SmSn%, 4) 
<q. max |d (Tz, TS,2, @), 
diS Tz, a); 
aSr Saz ES, A), 


Se TS,2, a) 

+0 (Sm nz, Tz: 01 

=q-d(S,2, Sw ns a), 

yielding | 

SS, =S, Te. 

So Tz is a fixed point of S, for every n, naturally. Also, 
since TTz=TS,z=S,Tz=S,S,z=S,z=Tz, Tz is a fixed 
point of T. Thus Tz is a fixed point of T and the family 


{S,}. The uniqueness of the common fixed point follows 
easily. 


COROLLARY 3. Let Tı, T, and T be mappings from a 2- 


metric space X to itself such that T(X)UT{(X) eT (X); 
and for every T, y, a in X 
(3. 1) d(T,z, Toy, a)<q. max | diz, Ty, a), 
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| d(T ry, Ty, a), 
5 (d(T 2, Tey, a) 
+d(T,y, Tx, RIE 


If T(X) is a complete subspace of X, then Tı, T, and 

T have a coincidence point z. Further if T commutes with 
each of T, and T, at z then T, T, and T have a common 
unique fixed point. Indeed Tz is the unique common fixed 
point. 


Proor. The consequences are immediate if one takes {S,,} 
<L, T2, Ti, Ta, Tie} in Theorem 2. 


REMARK 4. Corollary 3 improves a number of fixed point 
theorems for two and three mappings on l-metric and 2- 
metric spaces (See, for instance, Singh-Tiwari-Gupta 1980, 
Singh 1982, Singh-Pant 1983, Singh-Mishra 1983). 


THEOREM 5. Let {S,} be a sequence of mappings from a 
2-metric space X to itself. Let T bea mapping from X to X 
satisfying (2.1) and (2.2). If there isa non-negative integer 
m; for each S; such that for all z, y, a of X and for every 
Pair 7,7 with ixj, 


i As a variant of Theorem 2, we have the following: 
d(Syiz, S/T, @) <q. max ‘d(Tx, Ty, a), 


(Si, 1%, O) 


dR y, Ty, a), 
TO Ty, 4) 
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Then T and S;:@=1,2,3)-") have a coincidence point z, 
Further if T and SS.) @=1, 253; --) commute at z then T 
and the sequence {5,} of mappings have a unique common 


fixed point. 
Poo Clearly S,(X)SS(X)=T(X). Thus Theorem 2 
pertains to S/T and T. So there is a unique point p in 


T(X) such that 
p=Tz=S, iz 


and 
S;ip=Tp=pP, c=, 2, 3, E 
From this 


S; p=S)S;'p=S;'S; p. 


uniqueness of p implies that 
p=Sp=S; p. 


REMARK 6. Results of Lal-Singh(1978), Rhoades(1979), 
Ram(1982) and Singh-Tiwari-Gupta (1980) “may be obtained 
as corollaries. In particular, an improved version of Coro- 


llary 1 of Lal-Singh(1978) is obtained when T is an identity 


This shows that S;p is a fixed point of T and Sak The | 
mapping in the above theorem. 
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COHERENT POLYNOMIAL RINGS 
OVER REGULAR P.I. RINGS 


CHANG Woo Han 


1. Introduction 


J.P. Soublin [11] showed that the analog of the Hilbert 
basis theorem fails for coherent rings, but the ring of 
polynomials in an indeterminate over a commutative von 
Neumann regular ring with identity is coherent. G. Sabbagh 
[10] has proved that the ring of polynomials in any finite 


number of indeterminates over a commutative von Neumann 
regular ring with identity is coherent. 

In this paper, the following result will be studied if R is 
a von Neumann regular P.I. ring then RLE £,] is 
a coherent ring. Also, we obtain the following corollaries; 
(1) If R is a commutative von Neumann regular ring, then 
RET, 2 2,] is a coherent ring, see G. Sabbagh [10]. 
(2) Let R be a P.I. ring. Then R is von Neumann regular 
if and only if R[x] is semihereditary. 


2. Self-injective ring and Azumaya algebra 


We introduce P.I. rings and Azumaya algebras that will 
be used in the study of our main results. It is known that, 
Since singular ideals of semiprime P.I. ring “is zero [3], 


Maximal quotiehin PabigSoobinsemiprixangr Polbotisingsiaase regular 


P 


—————=————— 
Digitized by Arya Samaj Foundation Chennai and eGangotri 
nG Woo HAN 
56 CHA 


with identity [2], self-injective [2] and P.I. [7]. By com- 


bining the above facts and Armendariz’s two decomposition 
theorems [1], we obtain the fact that the maximal quotient 


i ing is Azumaya. 
ring of a regular P.I. ring 1 y 


TurorEM 2. 1[1]. If R is a regular self-injective ring 


with a P.I., then Kell b where each R, is a matrix ring 


over a strongly self-injective ring with a P I. 


k . s 
with a P.I., then Rd T R; where R; is either zero or 
i=1 


else each R; is a product of regular self-injective tings each 
of which is stable of degree 7, 1X7<2. 


The conclusion of Theorem 2.2 obtains following. 


THEOREM 2.2[1]. Let R be a regular self-injective ring 
COROLLARY 2.3. If Ris a regular P.I. ring, then the 


quotient ring Q(R) of R is an Azumaya algebra. 
Proor. If R is a regular P.I. ring, then Q(R) is a regular 
self-injective P.I. ring. By Theorem 2. 2, 
k 
Q(R)= 8 x Q;(R) 


where Q;(R) is a product of regular self-injective rings each 
of which is stable of degree lerek. Hence each Q;(R) is 
stable unital semiprime P.I. ring. By Procesi, stable unital 


semiprime P.I. rings are Azumaya algebras. Therefore each 
Q;(R) is an Azumaya algebra. Thus Q(R)=@ x Q;(R) is 
Al 


an Azumaya algebra. 
3. Coherent Ring 
By Sabb&Ph'n Rype fine oft polyoma ein any number of | 


| 
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indeterminates over a commutative von Neumann regular 
ring with identity is coherent. In this section, we obtain 


similar results for a von Neumann regular P.I. ring. 


THEOREM 3.1 [6]. R is a subdirect of the rings SE, 
if andonly if S;=R/K;, K; an ideal of R, and N K,=0. 
isl 


THEOREM 3.2 [6]. Every left R-module is flat if and only 
if R is regular. 


THEOREM 3.3. Let R be a commutative von Neumann 
regular ring and S=TIR/P;, P; a prime ideal of R. Then 
SEx] is faithfully flat over R[x]. 


Proof. First note that as left S-module 
Slxl&S@, RIT]. 


Next note that, for any left S[a]-module M, there are the 
following left S-module isomorphisms 


S(L1@ rey MSR s REL]Q re M=SQp M. 
Now consider an exact sequence of R[x]-module 
U MN. 
Then, since Sp is flat, the following diagram is commuta- 


tive and its columns are isomorphisms 


0 ——> S®,M —— S 
[i 
0 — S[zI1@reM SLL] rN 


Thus Sfx] is flat. Now to show that S[x] is faithfully 
flat as R[x]-module, let St]@ara M =0. Then S®,M=0 
so that M=0. Hence S[x] is faithfully flat over Rix]. 


CoroLLAR FOS; Y Pople pore eeu neh ceive Hayer. Neumann 


P ee 


o "|. 
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58 
regular ring. Then SET, £2 is 
faithfully flat over RLE 22,5, Tn]. 

THEOREM 3.5. Let R bea regular P.I. ring. Then the 


maximal quotient ring Q(R) of R is faithfully flat over R, 


Proor. Since Q(R) is regular, it is flat. Let M be a 
left R-module. Suppose that Q(R)®rM=0, using the 
flatness of M as a left R-module M=R@r2,MSQ(R)@,M 
=0. Thus M=0. i 

CorortaRY 3.6. If R is regular P.I. ring, then Q(R)[2,, 

| Ta Ta] is faithfully flat over KETE, 


THEOREM 3.7 [10]. Let R be a subring of the right co- 
herent ring S such that S is faithfully left flat over R. 
Then R is a right coherent ring. 


THEOREM 3.8. If R is a regular P.I. ring, then RDT; £2, 
£,] is a coherent ring. 

PRooF. Since the maximal quotient ring Q(R) of R isa 
regular self-injective P.I. ring, Q(R) =) Q;(R), where each 

i=l 
Q;(R) is an Azumaya algebra. Therefore, 
Q(R) [21,02,--2,J=% Qi (RJE, La Ly] 
i=l 
since Q;(R)=Mat,(A), where A is regular in which every 
idempotent is a central idempotent. For each 1, 
Q: (R) E2, 22,1 £, ]=Mat, (ALt 22, 2,1). 

Now we show that ALT aer Lp] is coherent, since ma- 
trix ring with coefficient in a coherent ring is also coherent 
[9]. Let (PilicT} be a set of all prime ideals of A. Then 
U P:=0. Therefore R is a subdirect product of division 
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rings {A/P;\tEI}. So IA/P, is faithfully flat over A. It 
follows that HAP T...) is faithfully flat over Ae, 
Ta, Za]. Since A/P; is a cin ring, A/P,[2, 2) --- x] 
is ‘coherent. Hence I1A/P;[2,,2,,---x,] is coherent. Thus 


HAP Ea Ly] S(IIA/P;) it, 2, £,]: right coherent 
UI faithfully flat U| 
ALE Ea, x,] — ALE Ea 2,1: coherent, 


Therefore R[x ,,X2,---.x,] is coherent. 


The corollary of ours is proved by Sabbagh [21]. 
CoROLLARY 3.9. If R is commutative regular, then RiT, 


La £,] is coherent. 
2, ’ n 


The weak dimension of an R-module will be denoted by 


WD(R). Regular rings are characterized by nullity of the 


weak dimension. From properties of semihereditary and 
coherent ring, we see that a ring is left semihereditary if 
and only if it is left coherent and has weak dimension at 
most one. 


CoroLLARY 3.10. Let R be a P.I. ring. Then R is von 


Neumann regular if and only if Rix] is semihereditary. 


Proor. In the proof of Theorem 3.8, we see that for the 
Maximal quotient ring Q(R) of a ring R, Q(R)[x] is co- 
herent. By Theorem 3.7 and Lemma 3.8, KLE) is coherent. 
For every ring R, WD(R)SWD (Rre ael WD(R) since 
WD(R)=0, 0<WD(Riz])Sl. If WD(Rix])=0, then 
RL) is semi-simple Artinian. Hence WD(R[2])Sl. 
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GALOIS SUBRINGS OF UTUMI RINGS 
OF QUOTIENTS 


CHoL Ho Um 


1. Introduction 


For the Galois theory of semiprime rings the importance 
of crossed products was firstly noticed by T. Nakayama in 
[8]. After his proving the beautiful normal basis theorem 
crossed product has greatly influenced to Galois theory. 
But still at his time there was no systematic scheme between 


crossed products and Galois subrings. M. Cohen [3] success- 


by the hint of Chase, Harrison and Rosenberg. But actually 
J. Osterburg and J. Park pointed out that her context is 
the derived context of some of module. 

As J. Osterburg and J. Park did in [9] we consider crossed 
products and Galois subrings altogether at the same time via 
the drived Morita context. Indeed we prove that the Utumi 
quotient ring of Galois subring is the Galois subring of the 


; fully provided a systematic “Morita context” between them 
Utumi quotient ring in different way. Also we consider the 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


normal basis theorem for regular self-injective ring case. 
By our normal basis theorem we can generalize M. Cohen’s 
result [3] for the semi-simple artinian ring case. Some our 
results in this paper were alrealy proved in [9]. 
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2. Preliminaries 


In this section some necessary definitions and Properties 
will be given. All rings are assumed to have identity ele. 
ment. R denotes a ring and all modules are right R-mody- 
les, unless otherwise mentioned. 

DEFINITION 2.1. A Morita context consists of two rings 
R and S, two bimodules sP, and Qs, and two bimodule 


homomorphisms (called the pairings) 


Gee QRP — R 


and 


Ena: Pr — S 
satisfyinz the associativity conditions dL, g’]=(q, p)q’ and 
P(g, PILE, gp’. 
The images of the pairings are called the trace ideals of 
the context, and are denoted by Tp and Ts. We abbreviate 
a context by the symbol <P, Q). 


For any R-module P, let P*=Hom(P,, Rr) and S=End 
(Pr). Then P* is a right S and left R-bimodule. Define 
pairings (, ) and [, ] as follows; (, ): P*®sP—R by 
(Ff, BI =f() and [, ]: PORP*— S by [p, f(z) =pf (a) 
for z in P. Then it can be easily checked that (R, P, P*, 
S) is a Morita context between R and S. This particular 
context is called the derived Morita context of Ppr. For the 


left module case, we can define the derived Morita context 
similarly. 
EXAMPLE 2.2. From two module X, and T4, define 
R=End, (X), S=End, (Y), 
P= ftom CA Poa oL RER ETES, daar | 
z EE A 3 
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with pairings by composition. Then <P, Q) is the Morita 
context of two rings R and S. 


EXAMPLE 2.3. Let (A, B, P,Q,a,8) be a Morita context. 
Define the generalized matrix ring 


PE 
Q B 


a,8 by using ordinary matrix addition and multiplication by 


means of a and £. Then R is actually a ring. 


Put e=[ 1 0 1. 
0 07 
Then A=eRe, B=(1—e)R(-e), 


P=eR(1-e), Q=(1—e)Re. 

In general R is an arbitary ring with an idempotent e, 
then (eRe, (l—e)R(1—e), eR(1—e), (1—e)Re, a, g) is a 
Morita context for suitable a, £. 

Associated with any Morita context (P, Q) there are eight 
natural maps, e.g., pEP>[p, -]eQ*=Hom;(Q, End,;(P)) 


and r©R-(q—rq)e Ends(Q), where Q=Homp(P, R) and 
S=End,(P). 


DEFINITION 2.4. The context <P, Qy is called mnon-dege- 


nerate if all these natural maps are injective. 


DEFINITION 2.5. A Morita context is right normalized if 
the four natural maps P>Q*, Q>P*, R=Ends(Q) and S> 


Endz(P) are isomorphisms. 


THEOREM 2.6 [7, Theorem 19]. If a Morita context ¢P, 
Q) between two rings R and S is nondegenerated, then the 


Maximal quotient “Morita conte Para. Qs Bee Qnax(R) 


———— sts” >, 4 
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and Qmax(S) induced by (P, Q) is right normalized. 


Let A be a finite dimensional central simple algebra over 
its center field F. Then A has a maximal subfield K. If K 
is a Galois extension of F with a Galois group G then there 
are invertible elements {@,: g in G} of A such that A=@Ka,, 
a direct sum of left K-vector spaces, where for all x in 
K, xa,=a,g(x). Moreover defining t(g, h) =a,a,az} for 
each g, h in G, we have ¢(g, h) is in K and the following 
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equations hold for all g,h,& in G: 
t(g, h)t(gh, k)=t(h, k)t(g, k). 
By this fact we define a crossed product formally as 


follows. 


DEFINITION 2.7. Let R bea ring and G be a group. Given 
a group homomorphism ~:G—Aut(R) and a map ¢:GxG- 
U(R) the units of R such that 


(1) LLE, yt(xy, ZL Gy, cata (SG yz) 
and 
(2) t(x, ADaP = QPOPME(g, y) 

for all x, y, z in G and a in R. We define the crossed 
product R*G to be the set of all formal sums of the form 
Lax with a, in R and a,=0 for almost all x in G. The 
addition in R*G is defined componentwise and the multipli- 
cation is given by the rule 


(4,%) (4,9) =a,aht (x, y)Zy. 


This makes R*G an associative ring with identity ¢(1, 1) LT. 
When t(x, y)=1 for every x, y in G, the crossed product 
is called a ERE pane udmaiireginanikadeitestedioh yaRGr | 


III, 
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EXAMPLE 2.8. Let G be a finite group of automorphisms 
of a field F. Then the skew group ring FG is the nxn 
matrix ring over the fixed field FS, where n is the order 


of G. 


We set some notations and basic definitions. Let G be a 
group of automorphisms acting on R. By rf we mean the 
image of r under g in G. The fixed ring of R is Ro={r 
in R |r*=r for all g in G}. The trace of x is tr(x)= k 
yas. Note that tr(x) is in R°. An ideal L(left or two sided) 
of Ris called G-invariant if L! is contained in L for all g 
in G. The ring R is said to have no |G|-torsion if |G|r=0 
for r in R implies that r=0. If F is a Gabriel filter on R, 
then (Rp) is the set of alla in R whose right annihilator 
is a member of ¥ and is called the torsion submodule of 
Rpg with respect to F. 


When G is a finite group of automorphisms of R we can 


form a skew group ring S=RG over R. 


For a given Gabriel filter Z on R, F = {E~,RG| DAR 
isin ¥} is a Gabriel filter on RG by K. Louden [6, 


j 3. Main Results 
Lemma 8]. 


We recall that t( Rp) is the torsion submodule of Rp with 
respect to F, ¿(Sp) is the torsion submodule of Sz with 
respect to F and (Ss) is the torsion submodule of Ss with 
respect to F. Then we can obtain t(Rp)S=t(Ss) and ¢(Sp) 
StS). Furthermore ¢(Rp)=t(S2) 18. We call that F is 
a G-invarianf (ol Public Domain, Sunt Kanani aatastimtigricar T is an 


La 


— << — ttt 
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element of F for all J in J, ginG. 


Lemma 3.1. If F isan automorphism invariant, then every 


automorphism of R can be extended to an automorphism 


of QCR). 


Proor. Let ¢(.R) be the torsion submodule of R with 
respect to #. Since J is an automorphism invariant, 
g(t(R))=t(R) for all g in Aut (R). Let f be an R-homo- 
morphism from D to R/é(R) which represents an element of 
Q(R). Define SL f) from g(D) to R/t(R) by eL PH (g(a) 

| =g( f (d)) ford in D. Then g( f(R))=2(R)g( f) is well- 
defined. For, if f(d,)=f(d2) for f(d,), f(d) in R/t(R). 
Put f(d\)=r,+¢(R) and f(d,)=7,+¢(R) for rı, r in R. 
Since 7,+¢(R)=r,+t(R) we have r Ta is in ¢( R) and hence 
&(71—72) is int(R). It follows that g( f(d,))=g2( f (d,)). 
Therefore g( f )(g(d,))=g8( f )(g(d2)) which completes the 
well-definedness. Next we show that g( f) is a homom- 
orphism. Since SL f )(g(d,)+g(d.))=g( f )(g(di+d2))= 
8(f (d,+d2))=8( f (d,)+ F (d2))=8( f (d,)) SL F (d:))= 
ECF eldi) +g eld) and g( f )(g(d)n=2( f )(g(dir)) 
=8(f(dir))=2( f(d:)r)=2( f(4,))r=g( f )(g(d,))r for all 
g(d,),g(d,) in g(D) and r in R. Thus g( f) is a homom- 
orphism and this defines g on Q(R) to be an automorphism. 


By Lemma 3.1, if F is a G-invariant filter, then G can 
be considered as an automorphism group on Qz(R). Let [g] 
be in Q7(R) which is represented by q: D—>R/t( R) with D 
in f. Define g: DS>S/t(S) by 9(Xd,g)=Xq(d,)g- Then 
since R/é(R) is contained in S/t(S,) and tSr) =t(Ss)» q 


is well-defined pand Domain SSchowhibamasnGtiaginn. augue D = q with 


oP 


EES 
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DS in F. Let [F] be in Q5(S) represented by this map 2. 
For any g in G, the left multiplication E3559 Ls 
an S-homomorphism T S/S). S 
_——S/t(Ss) represents an element [Lg] in Qe0S), 
THEOREM 3.2. Let G be a finite group of automorphisms 
of R and S=RG. Then for a G-invariant filter F on R, 
Q;(R)G is isomorphic to Qz(S). 


S(L,G,]. We divide the proof into five steps. 
Step 1. We show that f is well-defined. 


If glg] =L gliw], then (¢,j=[w,] for all gin G. Thus 
there exists D, in ¥ such that g, and w, are coincided on 
D; for all g in G. Therefore for all g in G, g, and D, agree 
on D,S and D,S is in F. So for all g in G, L,g,=L,a, 
on D,S. Hence [£L,G,]=[L,@,] for all g in G. Consequently 


Proor. Define f: Q7(R)G—Q5(S) by f (Ze Tae 


X(L,9,1=XOL,@,). Hence f(Xglg,]) = f(Lglw,]) and 
therefore f is well-defined. 


Step 2. We show that f is additive. 
Since [L,][G,]=[L,G,] and [g,+w,l=[9,1+[@,], we ha- 


ve following: 


Sf (Xela) TSL =f (Le lal + [w,])) 
=f (Zelg, + w,])= 2 T HI [Le Lg: Ts 
=U (L,1((¢,1+1@,1)= UCL, 1191+ A LLa] 


=Z(L,9,1+ DIL wj=f (Sela) +f (Gelw,)). 
Hence Ff is additive. 


STEP 3. W ecshomwPuthatonfai scarukorang CSRBISIDHaridwar 


——————=<————  i#i=-=-— | 
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Choose glg,] and hiwi] in Qz(R)G with q2:D:— Ra) 
and w: Dz—R/t(R) for g, h in G. Then we eve gq) 
hiw, l] =ghlg] [w]. Let [£]=[qg;]*. Then [x] is represe- 
nted by x:D}—R/t(R); a(d,")=q,(d,)" for dı in D}. So 
gighlw]=ghir] iw]. Let y=[xw,]. Then Cy] is re- 
presented by y, w (Dit Di) D/D) LR (R) 
where 7 is the induced R-homomorphism from zx. Hence 
f (gla, Jhlwil) =f (ghLyl) <LL) is represented by S- 


Le S/S) E S/S). 


3 


ed. Zc RT K a U T 


homomorphism: w,(D,'/t(Dy")) S 
On ihe other hand, EDE (Alw.]) =LL,4,1 lb y0,) is 


represented by the composition, ®,1h-*(D,S/t(D,S)) My 
L (D,S/t(D,S)) ELp, /t(D,S) 46, S/t(S) Le SES) where 
q, is the induced map from ĝ,. In this case h-\(D,S/t(D;S)) 
=D;'S/t( DS) and @,2L,'(.D,S/t(D,S )) =w, 1 (Dy'S/t 
(Dy'S)) =w, (Dy'/t(Dy'))S. Let Ds=w,71(Dy'/e(D1')). 

Then for din D, and kin G, (Lay) (dk) =La (y (d)k)= 
Lyy(d)k=Lyl%w,(d)1k. Let w,(d)=d;}+t(D,) with dı 
in D, Then L,,(%w,(d)1k=L,,LX(d,") +¢(D,) k= Lyla (a)! 
k=Lelq,(di)"1k=L,[q,(d,) hk. And we have (L,9,Lis) 
(dk) =(L,9,L,) (w,(d)k) = (L,9,L,) (dy'+t(D,))k = (Leds) 
(hd;'k+t(S))= (Lã) (dihk+t(S)) = L,(q,(dyhk) = Le Ld: 
(d,)Jhk. Hence F(glaglhiwil) =f (giq) f(hiw]). There- 


fore f is a homomorphism. 


STEP 4. We show that f is one to one. 

Suppose [L,4,]=0 with g,:D,S—+S with D, in J, 8 
in G. Then X[L,g,] is represented by the S-homomo™ 
phism: N CORS) Pubie D6i@iS, Gumka E giyince E [L,40) 


SS o aa, 


g 
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=0, there exists a G-invariant D in F such that DaS is 
contained in (D,S) and L,(q,(x))=0 on DaS. Now for 
every do in Do, OF L,(G_(do)) =DL,(q,(do)). Let dtdd = 
r,+t(Re) with r, in R. Then 0= XL, (4d) = XL, (r,+ 
1(R)) =O Lg (re tt (S)) = X (gr, +24(S))=(5 AST +2(S). 
Hence Er, 1g is a element of t(S)=¢(R)S. So for all g in 
G, rf! is contained in¢(R). Hence r, is a element of t(R) 
for all g in G. Therefore g,(d))=r,+¢(R)=0 for all g in 
G and dy in Do, Hence g,=0 on Dp, 

Therefore [g,]=0 and so Yigfg,]=0. Hence Ker f= {0}. 
Thus f is 1—1. 


Steer 5. We show that F is onto. 

Let [£] EQ; (S) represented by x: DS——S/t(S) with D 
in F. Let pbe a mapfrom S/t(S) to R/t(R) defined by 
p(or,At+t(S))=r,2+t(R) for all g in G. Since ¢(Ry)S= 
t(S-), p is well-defined and an R-homomorphism. 


Dp eee S/S) ly Sar + t(s) 
P 
px c 
Y 
rasg 
R/t (R) Teg + ER 


where r(d), is a element of R for all A in G. Thus pz is 
an R-homomorphism: D—>R/t(R). We will show that 
[t]= 5 LL. b¥J=f(Xelpx)). ULL, 57] is represented by DS 
—S/t(S); y > EL, C(px) (y)]. Now for d in D and h in 
G; EL, Bx(dh)]=5.L,(L( px) (d) Jk) =D LEES) (a) h= 
BL, [r(d),¢+t(R)Jh=¥ L,(r(d)é + t(S))h = E (gr(d), +t 
ET E Kona Sh, andnae (dh) = 


I R 2 
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ardh H (r(d),gtt(S))h = U(r@_+t(S))gh. Hence fr) 
=S(L,prl=f(Lel bel). Thus f is onto. Resultly Fis 4, 
isomorphism. Thus Qz(R)G is isomorphic to Qs(S), 


An overring S of a ring R with same identity is called a 
finite normalizing extension ring of R if S is finitely 
generated as an R-module by elements which normalize R, 


that is, SaF Rea, with Rx;=x;R for each 7. 
i=l 


group G. 


Lemma 3.3 (R. Theorem 3.2]. If ST x;R is a finite 
i=1 


normalizing extension of R with X,;=lp=—I1s, then for M in 
Mod-R, Homz(Sp,Mp) is an injective S-module if and only 
if M is an injective R-module. 


Immediately by the above Lemma we can get Hom,(Sn, 


Ep(R)) =Es(Hom,(Sp, R;)). 


LEMMA 3.4. Let S=RG be a skew group ring with a 
finite group G, and let ¥ be the Lambek topology (or 


topolozy) on R. Then F =UIN,RG:IN REF} isthe Lambek 
topology on RG. 


Proor. By the above Lemma 3.3, we have Homg(RG, 
ECR) r) = Homra (Hom,(RG, Rz))=E(RG) pg. Since E(R)a'8 
an injective cogenerator, Homp(RG, E(R))=E(RG)xc * 
an injective cogenerator by K. Louden [6, Proposition H 
Therefore F is also a Gabriel filter on RG. 


For example, it includes crossed product R*G with a finite 


COROLLARY, M Pobi Borak RM eakiixared tiepido max (RG): 


>a Piensa 
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Proor. Define f: max (R)G— Qna (RG) by F(Z gig) = 
Lis]. : 


Step 1. f is well-defined, 


It is obvious that DCL,g,] is in Qnax(S). Now if Y sta 
=) glw,] with Egl [w,] in Qna R) Then we can obtain 
(qJ=[w,] for all g in G. Therefore there exists D, in 
F such that ¢g,|D,=w,|D, for all g in G. Thus we have 
G,\D,S=,|D,S and D,S in F by Lemma 3.4 for all gin 

G. Hence L,G,|D,S=L,@,|D,S for all g in G. Therefore 
we have [L,G,]=(L,@,] for all gin G. Consequently, 
FZ glad) =XL,9,J=X(L,w1=f(oglw,]). Thus f is 
well-defined. 


STEP 2. f is additive. 


Since [L,] [G@,J=(L,9,] and f¢,+w,l=(G,]+[H,1, f is 
clearly additive. 


Suppose f(glq,])=[L,G,] with qe: Dı —Rr and f(hlw,]) 
=(L,0,] with sov: Das R, Then f(glq,] hiw) = f(ghla,]" 
[w,]). Let [u]=[q,]*. Then [u] is represented by u: D,"> 
Rpr; u(d;")=q,(d,)" for d, in Di, So f(gla,Jhlwil)=f(Eh 
(w][w,J). Let [v]J=[u][w,] and let Dy=w,1(D,"). Then 


Wh u 


v:D,; —>D,— Rp represents [v]. So f(glg,Jhlwil) =f (Lgr 


STEP 3. f is a homomorphism. 


[v]) = LT: a Now for Ff (gla fAlwn]) = 


: (L,G,] [L,@,] is represented by the composition, w, 3 ! 
(D,S) “47,,1(D,S) Fins 4e5 8 5. In this case Ly 
LDS < DS and £,71(L,-1(DyS)) = Ly (dtS) =Ly (D1) S 
=D3S.  NoveC-of mpais GamainDgGukt Khari dolèntioh aads k in G, 


————<—— 
p, 
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72 
(d))k=gh ul (w,(d)™)a]g 


(Lyi?) (dk) =gh(v (d)k)= gh ulwı 


(w, (d) k= glg lwla) Jk. 


=ghlq, 
On the other hand (Lp lin) (dk) = (Lag LJ (wi (d)k) = 
(Lp) Geena) t= Led) wild) KRI = Le Gena)” RE 
= g (q, (o(d) VaR) = 8 (slw) hk. Hence L,,0|D,S= 
LLDD. Therefore 
Fglqdhiw])=fglg]) TRO). 


So f is a homomorphism. | 
Step 4. f is one to one. 
Suppose X [L;ĝ;]=0 with G_gi:D~Ss—? Ss. Then ZIL] 
is represented by S-homomorphism; 
N(D,S)—Ss. 
r— 8 (4, (x)). 
Since D(L,g,]=0, there exists G-invariant Do in F and 


Now for do in Do, 0=X £(G_(do)) = Ug, (do)* g. Hence qe 
(dy)®1=0 and so g,(do)=0 for all g in G and dy in Do. So 
g,=0 on Do, g,=0 on D, for all g in G. So [g,]=0. Hence 
we have Sglg,J=Ofor all g in G. Therefore Kerf= {0}. 


Thus f is one to one. 


STEP 5. f is onto. 


D,SEN(D,S) such that Xg(3e(2))=0 for all x in DoS. 
Let [2] be element of Qnax(S) 


. represented by x: DS;—S, with D 


in F. 
Define p: Sr>Rrby BL rK 
=r for all g in G. 
CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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Then £ isan R-homomorphism. So x(d)=N[( px) (d) Jg 
for all d in D. So [px] in Qnax(R) represented by pz: 
Dr Er. 


CLAIM, [x]= LL, px] 


N[L,p¥] is represented by the S-homomorphism; DS; 
— Ss: yi E SL p¥(y)). Now for d in D and h in G, x 
(dh)=2(d)h= X [( px) (deh and Xg ( px (dh)) = Zg 
[( px) (d)hl=(Xg (px) (d))h = X LC px) (d)l'gh. Hence 
tri UCL, DST FLE SL px]) with Est pr] in Qnax(R)G. 
Hence fis onto. Resultly f is an isomorphism. Thus 


Qmax(R)G is isomorphic to Qnax(RG). 


For a finite group G of automorphisms of a semiprime 
ring R, let <=dig and S=RG. We note ¿R is a bi R°-S 
module, the right action of S being trir,g=Dit(rr,)% The 
left action of K" is clear. Also R is a bi S—R® module, 
where Trg rR In this case to consider the derived 
Morita context of the left S-module sR, we note that Hom 
(sR, sR)=R& and Hom(,R, S)=tR. 


LEMMA 3.6. The derived Morita context of sR is <S, 
sR,6, pitRs, R°», where pairings are (, ): tR®s KKD, 
(ta, b) =tr(ab) and [ , ]: R@®,ctR—S: La, tb]=atb. 


Proor. Let p: tR—~Hom(sR, S) by p(ér) =f, where 
f(r) =tr. Then Hom(,R, S)=tR. And let g: R°— Hom(sR, 
sR) by g(r)=g, where g(r)=r for all r in R. Then Hom 
(sR, sR)=R°. Since tcLa, tb]=tc(atb)= X gc(atb) = X (gca) 
th= (ca) #th=tr(ca)tb=(tc, a) tb, and [a, tb]c= (atb)c=a 


(tbc) =a ( a EZ UHM GEER KES): ACA eae 


a T x eee 


a — o e7 
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Therefore (S, sso: rct Rs, R°) is the derived Morita con- 


text of sR. 
Now we prove the result of [8, Theorem 2] differently, 


THEOREM 3.7. If the derived Morita context <S, sR 
Rs, R°) in nondegenerate, then Qnes (R) = Qna (RS). 


Proor. Since (S, eae rt Rs, RO? is nondenerate, (Qnax(S), 
Q(sRac)s OGAR): Qmnox(R°)) is right normalized by Theorem 
9.6. By Corollary 3.4 and Theorem 3.2, aas LB) =Qmax(R) 
G and Q(sR) is the left quotient module Qmax(R) over the 
ring Qmax(S). So we have ass LR" = Homenax(s)(Q(sR), 
Q(sR)) and Homomax(ro(Qnax(R), Qmax(R)) =Qmax(R)°*. 


As is elementary and well known, one can imbed a commu- 
tative integral domain in a field, being nothing else than 
the fractions created from the elements of the domain. O. 
Ore gave the appropriate conditions in order that this be 
possible for noncommutative rings without zero divisors. 
We shall give an account of this rather, more general sit- 
uation below. But first a few definition are needed. 


DEFINITION 3.8. An element in a ring R is said to be re- 


gular if it is neither a left nor right zero divisor in R. 


DEFINITION 3.9. An extension ring Q(R) of R is said to 
be a left quotient ring for R if: 

1. every regular element in R is invertible in Q(R). 

2. every &Q(R) is of the form z=a~!b where a, bek 
and @ is regular. 


If Q(R) is a left quotient ring of R we say that Ris 
left order dno@(dic aran Puki Kalen Céliggtion, Rati pry subset 


es 
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S of R let L(S)={£ER:xs=0 for all s&s}. We call Z(S) the 
left annihilator of S and term a left ideal à of R a left 
annihilator if X=/(S) for some appropriate S in R. We 
similarly define the right annihilator r(S) of S and speak 
of a right ideal as a right annihilator. 


DEFINITION 3.10. A ring R is said to be a (left) Goldie 
ring if: 

1. R satisfies the ascending chain condition on left 
annihilators. 


2. R contains no infinite direct sums of left ideals. 


Clearly a left Noetherian ring, that is, one satisfying the 
ascending chain condition on left ideals is a Goldie ring. A 
rinz R is said to be semiprime if it has no nonzero nilpo- 
tent ideals. 


THEOREM 3.11 [Goldie]. Let R be a semiprime left Goldie 
ring. Then R has a left quotient ring @=Q(R) which is 


semisimple artinian. 


There has been a great deal of interest in group of outer 
automorphism, i.e., automorphism g for which there does 
not exist a unit u such that rs=u iru for all r in R. Let 
R bea semiprime ring with a finite group G of ring auto- 
morphisms of R. Let S denote the ring of quotients of R 
relative to the Gabriel filter which consists of all two sided 
ideals whose annihilator is 0. An automorphism g is 
called X-outer if srs=rs for an s in S and for all r in R 


implies that s=0. The group is called X-outer if each g 


(g41) in -dSn Ara Bin, Gurukul Kangri Collection, Haridwar 


———————<e— =". 
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L n 
a," in R such that X), aja; 


t=q 


elements 41,42, ,2n; db, a", 
=6,,, for all g in G, where 6 is the Kronecker delta. 
S.U. Chase, D.K. Harrison and A. Rosenberg [2] have 
shown that R is a G-Galois extension of K" if and only if 
R is a finitely generated projective R°-module and the map 
j from RG to Endgs(R) defined by j(xg)(y)=xy" for a, 


yin Rand g inG isa ring isomorphism. 


THEOREM 3.14. If R is a von Neumann regular selfinjec- 


tive ring and G is X-outer, then 


(1) R isa G-Galois extension of R°. 
(2) Rgs is injective. 


Proof: If I is an essential right ideal of R°, then ZR is 
an essential right ideal of R because G is X-outer and R 
is regular, self-injective. Hence R° is nonsingular. Since 
(S, R, Rt, R°) is nondegenerate, the nonsingularity of RS 
implies those of S=RG, Rs and Kt So S is regular. 
Since Rs is finitely generated, Rs is projective and hence 
tr(R)=R°. Therefore by Lemma 3.8, Rpa is finitely ge- 
nerated. On the other hand, since R? is semi-prime, it is 
nonsingular and self-injective. Now since <S, R, Rt, R°) 
is right normalized, R is a G-Galois extension of R" 


(2) Since Rp is injective by Lemma 3.13, so is Rac. 
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Cagar ARY 3.12 [S. Montgomery]. If Ris semiprime 
ring and a finite group G of ring automorphism of R is X- 


outer. Then R is right Goldie if and only if R° is right 


Goldie. 

Proor. If R is right Goldie, then Qmax(R) is semi-simple 
Artinian and G acts on Qnax(R) as X-outer. So G is com- 
pletely outer on Ne LK and hence Qmax(R)°=Qmax(R%) is 
semi-simple Artinian. Thus R° is semiprime right Goldie. 

Conversely, suppose R° is right Goldie. Then since the 
context lS, R, Rt, R°) is nondegenerate, R° is semiprime 
adl heres Once CR) S 15 semisimple Artinian. Now 
by Amitsur [1], Muller [7] and Theorem 3.2, the maximal 
quotient context (Qmax(R)G, Qmax(R), Qmax( RE, Qnax(R)*) 
is also nondezenerate and hence Gass LR Mow cS = max 
(R)omaxr) has finite Goldie dimension. Hence ass LK) is 
finitely generated over Qmax(R)% and so Qmax(R) is Artinian. 
From the nondezeneracy of the maximal quotient context, the 
semi-primitivity of Qmax(R)G follows from Qmax(R)° and 
so Qmax(R) is semiprimitive. Hence R is right Goldie. 


Lemma 3.13. If R is a right rationally complete, semi- 
prime ring and (S, R, Rt, R°) is nondegenerate. Then 

(1) R is right self-injective iff R,, in injective. 

(2) If R° is right self-injective then t7(R)=R*. 

(3) If tr(R)=R° then R}s is finitely generated. 


Proor. (1) Suppose R,, is injective. Then Homyc(R, R) 
=S is injective because Rp; is torsion free with respect tO 
torsion theory induced from the trace ideal tr(R) of Rta. 


Therefore Re ds iniective,, La ausumilamcashigRwaince © 15 
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induced from the trace ideal R¢R of Rs, the self-injectivity 
of S implies that Homs(Rs, Ss) e Rae is injective. 


(2) Suppose KY is right self-injective. Then by the same 
reason as in (1), Homyc(Rtgc, R°gc)=Rs is injective. Hence 
R, is an S-direct summand of Ss, Therefore Rs is projective 


torsion free with respect to the hereditary torsion theory 
and hence t7(R)=R°. 


and of ;,¢ = {B@Mod-R°|B——Hom,,(tr(R), B) : bijective}, 
Then {s and {re are quotient categories of Mod-S and 
Mod-R®°, respectively corresponding to hereditary torsion 
theories induced by trace ideals KIK and tr(R). By Muller 
(7, Theorem 3], two functors Hom;(Rs,—) and Hom,¢ 
(Rte, —) induces equivalences between {s and ope. Let 
A denote quotient functors with respect to hereditary 


(3) Let &s={AGMod-S|A—>Hom,(RtR, A) : bijective} 


! torsion theories induced by trace ideals. Then since Homs 

i (Rs,S) =Homs(Rs,S)=Ret,e the lattice of s-subobject 
of S and of,c-subobject of Rtpc are lattice isomorphic, 
Now to prove (3); suppose é7(R)=R*°. Then every I= 
submodule of Rtp; is f,¢-subobject. Now assume to the 
contrary that Rżęc is not finitely generated. Then there 
is a totally ordered set {/.} of proper R&-submodules of 
Rta, with Ul=Rt. Hence {Homgc(R, I.)} is a totally 


ordered set of right proper #fs-subobject of S. Since Homyc 
| (R, UL) =U Homps(R, I), we have U Homgc(R, Ia) Hoa 


(R, Rt)=S. But this is impossible because Ss is finitely 
generated. Therefore Rtpo=Rao is finitely generated. 
: E ; : ae 
A ring Reig wplisdoGtal? elni enl fannar HS TS 


——— 
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SOME PROPERTIES OF PROJECTIVE 
REPRESENTATIONS OF SOME FINITE GROUPS 


CH. HWANG 


The representation group G* of metacyclic group G=BH, 
HAG is known. When |B| is prime, representation G* can 
be easily obtained. Using this fact, some properties of pro- 


jective representation of G will be discussed. 


THEOREM 1l. Let G=<zx, IER s T y=1l, yet — ET 
where (n,r)=1, pis prime. Then the number of irreducible 
projective representation with degree 1 is p(m,r—1) and 
the degree of the irreducible projectve representation of G 
is one or D. 


Se ha 
Proor. H2(G, K*)=Z, where a sln 7S"). 


By [3] the representation group G* of G is 


(2, Ys (EP le yE TES 


yz=zy}. 


Also (a, sat. (y)<G* and <z, z) is abelian. So G* is 
the semidirect product of ly) by <T, 2). 

Let T be a representation of (2, z). We define T*:h—> 

| Taan for hea, z) and a&(y). Then Sr Lue VITAE 

| ST) is a subsgroumnafoécin cianid PAi S= A 


EO lUl””~”~”~—C—CC 
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or Sp=dy). So by [4], Sr=<y) iff (TOP) has degree 1, 


where p is an irreducible representation of (y). 


All the irreducible representation whose degree is 1 has 


the form TS, So we have 


TyZ=T iff Ty (zizi) =T (ziz) 
iff Ty‘ (zizi) = T (y taiziy') 
= Gigi xt Gr ah Oy) 
= TER T(z)! HI 1) 


=T) Tæ) 
iff TO Y=] and Te 
iff d, Lr =0(mod 2) and dz => =0(mod a) 


So 
Sp=(y» iff di\—r*)=0(mod n) and 


lon 
Ge =0(mod q) 


for all k, H E z< pI 


and 
Sp=(y) iff d\(1—r)=0(mod 7), 


because (l+r, Lt+r+r%,--,lt+r+--+ré})=1, So adh 
{d,} is (H Pc lD. Therefore {T@p} is p(n, r—1). 

Sme on fo O ot Cy) the degree of irreducible repre 
sentation G* is 1 or p. So the degree of projective 


irreducible representation of G is 1 or p. So our proof 8 | 
completed ,CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar | 
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THEOREM 2. Let G=(z, ylr”=1=y?, y'ry=x" with 
(r,n)=1, D prime, and L+r+---+7?1=0(mod n). 


(1) Then p=q, pln and HG, TO) Safa ss Lar) 
(2) For each {æt}, there exists exactly /p linearly ine- 
quivalent projective representations with factor set 


{æt}. 


(3) In this case 


Tule) =diag{E*ti, haters, BOT", 


0 0...0 1 
Pay e 0 ee 
01...00 
‘0 O-- 1 QO? 


La) = Taly Tule, 


and 


a(yizi, yir”) EIT 


where £ is a primitive n-th root of unity. 


. s e T 
Proor. In this situation we have k=!n, = 1 


= jee q= 
k(n, r—1)/n=(n, r—1)=d. Therefore r?—1=(r—1)(r? 1+ 
*+1)=0(mod 2) and hence 0=1+r+-- r’ J=1414+--+1= 
b(mod d). But p is prime so d=1 or d=p. So d=q=1, 
H(G, C*) ={e}, d=p=q, and pln since (n, r—l)=d=p= 
4. Now by [1], Ty; is a projective irreducible representation 
of G wich degree p with the factor set {a‘}. Also their 
€quivalence can be found in [1]. So for each {a*} we have 


n/p linearly inequivalent projective representation. 
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NOTES ON THE PSEUDO-COMPLETE ALGEBRA 


AN Hyun Kim 


In [5], Rickart proved that, when F is a Hermitian fun- 
ctional on the Banach *-algebra A, in order for F to be 
representable, it is necessary and sufficient that 


(i) F is bounded, 
Gi) |F(@@) ?<uP(@txr), cea 


where is a positive real constant independent of zx. In 


1. Introduction 


this note, conditions for a functional to be admissible on 
a locally convex *-algebra are defined and sufficient condi- 
tions for a functional F to be representable are also given 
in Theorem 4. 2. 


2. Preliminaries 


DEFINITION 2.1. By a locally convex algebra A we shall 
mean an algebra A over the complex field C, equipped with 
a topology z such that 

(i) (A;r) is a Hausdorff locally convex topological vec- 
tor space, 

(ii) multiplication is separately continuous. 


A will be called a locally convex *-algebra if A has a con- 
tinuous 1 nv bdr ig public Domain. Gurukul Kangri Collection, Haridwar 


OO 
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DEFINITION 2.2. Let A be a locally convex algebra. An 
element x of A is said to be bounded if, for some nonzero 


complex number A, the set {(ax)":nEN} is a bounded subset 


of A. 
The set of all bounded elements of A will be denoted by 


Ao, 


NoTATION. By B, we denote the collection of all subsets 
B of A such that 

(i) B is convex and idempotent, 

(ii) B is bounded and closed. 


If BEB,, then A(B) will denote the subalgebra of A ge- 
nerated by B, i.e., A(B)=fArT:1EC and x@B}, and the 
equation ||*||,=inf {A>0:2 € XB} defines a norm which 


makes A(B) a normed algebra. 


pseudo-complete if each of the normed algebras A(B) is a 


| 
| 
| 
DEFINITION 2.3. The locally convex algebra A is called j 
Banach algebra. | 


If A is a locally convex algebra and GA, we define 
the radius of boundedness of x by 


B(x) =inf [A>0 : {(A71x)": nEN} is bounded] 


with the usual convention that inf ¢d=0o. 


The following simple facts about B(x) are obvious: 

1. B(z)S0 and B(x) =|AlB(x) where AEC and 0-0=0. 

Pee Go) aoa iff TEA. 

3°. In particular, if A is pseudo-complete, then B@) 
equals to thee Spe EYE OprainGurylpul Kanes follection, Haridwar 


a S 
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DEFINITION 2.4. Let A be a locally convex *-algebra, and 
Jet F be a linear functional on A. If EEDS UNE o 
all x in A, then F will be called Hermitian. 1 F(x*x)>0 
for all x in A, then F will be called a positive functi- 
onal. 


LEMMA 2.5. Let A be a pseudo-complete locally convex 
«-algebra and let £o be any element of A such that B(x) 
į <1. Then there exists an element y of A such that 2yo— 
dba, In addition if £o is Hermitian, so is Yo. 


Proof. Consider the function f defined in terms of the 
binomial series as follows: 


L 


n=1 


Then f is well-defined and 2f(z)—[ f(z) ]?=z for all |z|<1. 


We show that this series converges. Let e>0. Since 
B(x) <1, there exists a BEB, by [1] such that 2,€A(B) 


i 
| 
| 
| Now consider the vector valued function — (1/2) C z)". 
n=l 
and llls =l, Since f converges for |z|<1, there exists 


an % such that for p, g>m) 


| 


Since A(B) is complete, we have that vector valued series 
converges to an element yo of A(B) such that 2%—30°=2o. 


RIS sdl <e 


n=p 


THEOREM 2.6. Let A be a pseudo-complete locally convex 
*-algebra and let F be any positive functional on A. Then 
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\F(wthu)|<(h) F (wk) for all weA and A Hermitian. 


Proor. By Lemma 2.5 and [5, Theorem 4.5.2], the above 


theorem is obvious. 


Let F be a positive functional on A and define 
Lrp={xEA: F(y*x)=0 for all y in A}. 
Then Lp is a left ideal of A([3, p.288]). Now we define 
Xp=A/L,y and denote z+Lp by 7. 


DEFINITION 2.7. A positive linear functional F which sa- 
tisfies the following conditions will be called admissible: 


(1) sup {F(x*a*ax)/F(x*x):xGA}<co for all aed. 
(2) For each red, there is a £o&A, such that ¥=%, 


CoroLuary 2.8. If A is a pseudo-complete locally convex 
*-algebra such that A=, then any positive functional 
is admissible. 


Proor. By Theorem 2.6 and 2°, 
{F(x*a*ax):xEA=A}<B(a*a) <œ for all aA. 
Since A=A) for each r&A, there exists a Pure 
such that ¥=%. 


3. Topologically Cyclic Representation 


Let A be a *-algebra over the complex field C and X a 
vector space over C. A x%-homomorphism A—L(X) is 
called a *-representation of A on X, where L(X) is an 


1 b . . . s 
EO OF B00 Rabie BARR BERETE Blade ntnodsselt 


o eerie 
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LEMMA 3.1. Let A be a locally convex *-algebra and let 
F be an admissible positive functional on A. If a, bEA, 
then (a+b) 9=(G+bp). 


THEOREM 3.2. Let F be an admissible positive Hermitian 
functional on the commutative locally convex *-algebra A. 
Then there exists a representation a—T, of A ona Hilbert 
space H such that (T,)*=T,* for all aG Ay, 


Proof. Since A is commutative, Lp is a two-sided ideal 
and hence Xp is an algebra. Let x=x+L, and define a sca- 
lar product in Xr by (7, 9)=F(y*x), for x, yEA. The com- 
pletion of Xp with respect to the inner product will be 
called H, and then H is a Hilbert space. 


Let Xu be a fixed element of Xr. Since F is admissible, 
we may assume that Pus du. Let Z&H and assume that 


Z, >Z with Z. KK 


Then 
||%o2,— XZ m||2= LES Ku. XB Xom) 
=F ((Xo%n—Lorm) * (Lorn —Lozm)) 
= (2, = Zm) TEL Saas) 
and 


Ila Zne E EE E oa pee 
Since F is admissible, 
|| 20%, — Eaz ml l KMI Zn Zall? with M>0. 


Thus {%2,} is a Cauchy sequence with respect”to the inner 
product norm, and hence the sequence converges to an ele- 


ment y of cblo. IHi az lR Er KA Kad ABiectiote balh, n—2 with 


———x  i- 
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respect to the inner product norm, then {70n}. converges 
to J. Now we define the mapping a>T, of A on H by 


Tdp, YH where a=a. 
Then, if a, DEA, 


T „z= (ab) f= (ab) X=AbX=Ayb x 
= (ay (Box) ) == es (Oot) = 
=T,7,x for all x&H. 


Similarly T,.4,=7.+Z, and Tae, for all ASC. Thus 
a>T, defines a representation of A on H. 

Consider the restriction of the representation to Ay. Let 
a€A). Since F is admissible, we have 


IIT.) =||@2||?= (@x, ax) 
=F (x*a*ax) 
<M||x||? for some M>0, 7EX,. 


Hence T, is a continuous mapping on Xp. Since Xp is dense 
in H, T, can be uniquely extended to a continuous mapping 
fT, on H. However if J&H- Xp, let {%,} be a subset of 
Xr such that X, Then 


TIE) =lim Palt) =lim T.(x,) =lim az, 
=a7=T,(5). 


Thus 7,=T, and T, is a continuous function on H for 
a& A), Since T, is continuous, we can show that (T,)*=T,* 
by proving that (T)*(£)=T (£) for all TEX. 


Let x and F b 
e elements of 
CC-0. In Public Domain. Of isf Kak BE ection, Haridwar 
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LR, 9) =F (y*ax) =F ((y*a)z) 
= (z, (a*) y) = (z, Ty). 


Thus for aA), we have LTR Ta 


CoroLLARY 3.3. If A, is also an algebra e.g., the 
product of bounded sets of A is bounded, then the res- 
triction of the above representation to Ap is a *-represen- 
tation of A, on H. 


Let X be a vector space over C and let K be a subalge- 
bra of L(X). Let z be a fixed vector in X and let X,= 
{T(2):TEK}. Then X, is an invariant subspace of X 
with respect to K. If there exists an element z of a nor- 
med space X such that X,=X, then K is said to be topo- 
logically cyclic and the vector z is called a topologically 
cyclic vector. A representation x — T, of A on X is said 
to be topologically cyclic if, when K={T,:xGA}, there 
is a vector z in A such that X,=X. 

With these definitions we state the followinz corollary 
to Theorem 3. 2. 


COROLLARY 3.4. Let A be a commutative locally convex 
-algebra with identity. Let F be an admissible positive 
Hermitian functional on A. Then the representation obtained 
above is topolozical cyclic with a cyclic vector ho such that 


F(x) = (Tho,ho), ZEA. 


Proor. Let hassle L Xe. Then by definition Thus Xo, 
so that the set {T ho: £E&A}=Xr and hence is dense in H. 
Thus hy is a topologically cyclic vector. Now let Te. 


then there n SHS didan el IRL an nen AALS ar 


———— 
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F(1*(x—2o)) =F(x—2X) =F (x) —F (x). 


By the way, F(1*(x—2o))=((-%o) , I) 
Consequently PGT < FL, Therefore (T',ho,ho) = (Zoho ho) 
= (Xl, 1) =F (a) =F (x) for all +e. 


4. Representable Functional 


Let F be a linear functional on the locally convex 
x-algebra A and let a > T, be a representation of A ona 
Hilbert space H such that the restriction of the represen- 
tation to Ap is a *-representation of Ay on H. Then F is 
said to be representable by a > T, provided there exists 
a topologically cyclic vector bazz H such that 


F(a)=(Tho,ho) for all aA. 
Let a > T, be a representation of A on H and let 
M={heEH : T,h=0 for all a&A}. 
If M={0}, we say that the representation is essential. 
Lemma 4.1. If the representation a > T, is essential, 


then each of the subspaces H,={T,h:a@A} is cyclic with 


h as a cyclic vector. 
Proor. [5, p. 206]. 


THEOREM 4.2. Let F be a Hermitian functional on the 
pseudo-complete commutative locally convex *-algebra A. 
Then in order for F to be representable, it is sufficient 
that CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
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(1) for each EA, there is a rE Ay such that ¥=%, 
(2) a) Ee) FP SiR (aka) aA, 


where / is a positive real constant independent of x. 


Proor. Assume that F satisfies the conditions and denote 
by A, the pseudo-complete locally convex *-algebra obtained 
by adjoining the identity element to A. Extend the func- 

| tional F to A, by the definition, 


| FLC La =F) Kua for Ted and a a scalar. 


Then 
F((a+a)*(a+a))=F((2*+@) (z+ a)) 
=F(a*x+xr*¥a+ax+aa) 
>F (x*x)— 2a |F (x)| +alal? 
>F(z*x)—2la|u F(a*x)' +ula| 
= (F(x*x) lal )?. 


Thus F is a positive linear functional on A; and Theorem 


S 


2.6 guarantees that the first condition of admissibility is 
satisfied on A. To show that the second condition is 
satisfied, let z+a@@A,, Then by hypothesis there exists 
TEA, such that Yuz X. Consider Tah. Then since Yuz X 


and (7—2) Slr. 


IFE + B)* (tote) —(e+a@)) 1? 
=|FL(y+B)*(xo- 2) 1? 
=|F(y*(@—20)) + PLB Lra TIS 

i =|BF(x.—=)/? 
| IBIL Laa TEL 110, 


Consequently (zota) =(%+0)o . 
ThereforeCF li Sublis DembiniGetblaposttivcionttenmitian func- 


—————————— 
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tional on Au Hence by Corollary 3.4 there exists a repre- 
sentation xT, of A, on H defined by Ta:9%=(@+a) x 


and such that 
F(ata)=(Tsaho,ho) for some EH. 


Now let N={hEH:T,h=6 for all ae A}. 


Consider the restriction of a—>T, to the space N*, where 
N+={hEH: (h, n) =0 for all nEN}. 


Since {hEN*:T,h=0 for all a&A}={0}, the restriction 
is essential. 
Let bubu R" where hEN" and hEN. Then for all 


acA we have 


F(a)= (Tho ho) = (Tilh +h), RL ha 
=(T ho’, ho’ +h) = (ho’, Ti (ho! +ho’’)) 
= (Ay’, Thy’) = CRNE ho’) . 
Thus there exists hEN ' such that F(a@)=(T ho’, họ’) for 
all aed. Let Hi={T hy ae A}. Then, since the restric- 


tion of the representation to N' is essential, by Lemma 
4.1 Ho is cyclic with ho as a cyclic vector. 


CoROLLARY 4.3. If A has an identity element, then every 


positive functional which implies condition (1) is repre- 
sentable. 


Proor. If A has an identity element, then by the Cauchy- 
Schwarz inequality, we have 


IET) P <F(1)F(x*2) 


for any positive Phos orroa Buulpqng Colleatio iton (2) is au- 


eee A 
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tomatically satisfied. 


COROLLARY 4.4. Let F be an admissible positive Hermitian 
functional on the pseudo-complete commutative locally 


convex *-algebra A. Then there exists a *-representation 
of Ay on a Hilbert space H. 


Proor. If A is commutative and pseudo-complete, then 
Ap is an subalgebra of A [1]. Therefore by Theorem 3.2 
and Corollary 3.3, the proof is obvious. 
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A NOTE ON FUZZY TOPOLOGY, FUZZY GROUPS 
AND FUZZY TOPOLOGICAL GROUPS 


Gyu IHN CHAE 


1. Introduction 


Zadeh’s introduction [17] of the notion of a fuzzy set in 
a universe could generalize and extend main concepts and 
structures of the presentday mathematics into the framework 
of fuzzy sets. Goguen [6] has studied and generalized the 
work of Zadeh. The most generalization was the considera- 
tion of order structures beyond the unit closed interval. 


The concept of a fuzzy topological space and some of its 


basic notions have been studied by Chang [4] as one of 
applications of concepts of a fuzzy set. In the development 
of a parallel theory based on fuzzy sets, many interesting 
phenomena have been observed. For example, the concept 
of compact fuzzy topological spaces introduced in the liter- 
ature by Chang holds only for finite products. The next 
compactness results by Goguen are an Alexander Subbase 
Theorem and a Tychonov Theorem for finite products and 
he was the first to point out a deficiency in Chang’s com- 
pactness. Weiss [15] and Lowen [8] introduced new de- 
finitions of compactness in a fuzzy topological space which 
is available for the infinite products. However, the defini- 


tion of a fussy? opis preen Have! Kepctifehactoastbewer pointed 
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out that it has the great deficiency that its definition 
is not the generalization of an ordinary topological space. 


In [13] Resenfield has used the notion of a fuzzy set to 
develop theory of fuzzy groups. In [1] authors have point 
out a deficiency in Rosenfield’s definition of fuzzy groups, 
They have used a different structure to define a fuzzy 
group. The structure is one of stronger conditions than 
Rosenfield’s. Foster [5] has introduced a fuzzy topological 
group by use of definitions of Lowen’s and Rosenfield’s, 
In [11] authors defined a fuzzy topological group by use 
of the concept of Q-neighborhood introduced in [12] and 
showed that thier definition and Foster’s definition are 


tas. AIRES. 


equivalent under some condition. 


Let X be an ordinary nonempty set which we will call the 
universe. A fuzzy set A in X is a function on X into the 
closed unit interval [0,1], assigning each x in X to its 
grade of membership A(x) in A. The grade of membership 
function is often called a generalized characteristic func- 


— a 


tion. Fuzzy set operations; inclusion, union, intersection, 
generalized union and intersection, complement; are defined 
by use of <, max, min, sup and inf, 1—, similarly to 
the corresponding notions in ordinary set operations, resp- 
ectively. It is one of important problems that it was shown 
that in Zadeh’s structure of fuzzy set theories the class of 
generalized characteristic functions is a distributive but 
noncomplementary lattice and it is just a Brouwerian lattice- j 
Roughly to speak, ANA’=¢ does not hold in the fuzzy 
structure, where A’ denotes the complement of A. In fuzzy 
structure there are problems left, for example, a fuzzy 
point, cotipatiness in” fuzzy topological spaces, fuzzy 


i 
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neighborhoods problems. 
In this paper we will use definitions which, we think, 
are most suitable in the presentday publications. We can 


find definition without mentions in the available references. 


2. Fuzzy points, fuzzy topologies and fuzzy 
neighborhoods. 


How to define a fuzzy point reasonably in a fuzzy set 
is one of fundamental problems in fuzzy structures. In [12, 
16, 17] a fuzzy point was defined in different ways. We 
will follow the definition in [12, 17], named a fuzzy point 
instead of a fuzzy singleton in [6]. 


DEFINITION 2.1. A fuzzy set in X is called a fuzzy point 
if it takes the value 0 for all point y in X except one, say 
x in X. If its value at x is k in (0, 1], then we will 
denote the fuzzy point by a lowercase letter x(k). 


DEFINITION 2.2. Let x(k) be a fuzzy point and A a fuzzy 
set in a universe X. Then x(k) is said to be in A or A 
contains x(k), denoted by x(k)GA (or simply x(k) in A), 
if R< A(x) all x in X. 


Evidently every fuzzy set A can be expressed as a union 
of all fuzzy points which belong to A. As we will know 
later on, the concept of fuzzy points is very important 
for the construction of fuzzy neighborhood in fuzzy topo- 
logical spaces. When a mapping between universes is de- 
fined, the inverse image and image of fuzzy sets in them 
were defined almost similarly to those in ordinary sets. 


DEFINITION 22 Buble pema. tukka Lofeatiopinaridyeruniverse X 
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into universe Y, and A and B fuzzy sets in X and Y, 
respectively. Then the inverse image of B, f 1(B), is the 
fuzzy set in X with membership given by f1(B)(x)= 
B( f(x)) for all x in X and the image of A, f(A), is the 
fuzzy set in X with membership given by 
F(A)(y)= Sup A(z), if FOE 
zef +0) 


= 0 , otherwise 
for all y in Y, where ITR 


DEFINITION 2.4. Let A and B be fuzzy sets in universes 
X and Y, respectively. The fuzzy product AXB of A and 
B is defined as the fuzzy set in the usual set product Xx Y 
with the membership given by AxXB(x,y)=min (A(x), 
B(a)) for all (xz, y) in Xx T. 


PROPOSITION 2.5. Let p; be the projection of X, x X, into 
X;, for 7=1,2, and A=A,X A), a fuzzy product in X, xX Xp. 
Then ;(A)CA,, for each i=1, 2. 

Proor, If i=1, p,(A)(z,)= sup A(21,22) 


4, ayer (emp) 


= Sey _min(A; (21), A2(22)) 


LS, ie. Mex) 
=min(A,(z), Zo supy,A2(%2)) 
for all z, in X Similarly we can prove the case of 


E2 


Let X be a universe. Then a family J of fuzzy sets in 
X is called a fuzzy. topology on X if e ¢,X ET, where 0 


is a fuzzy empty set Gi) If A,B 
S7 
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If A;@ 7 for all (el, then UA;E 7. The pair (X, 7) 
ie] 


is called a fuzzy topological space(for short, fts) and 
the members of 7 are called J-open fuzzy set. The 
complement of a J-open fuzzy set is called a 7J-closed 
fuzzy set. We will drop 7 without confusions. If 7, 
and J, are fuzzy topologies on a universe X and Vids, 
then we say that 7, is finer than 7, or Jı is coarser 
than 72, A base and a subbase of an fts were defined as 
the similar way in an ordinary topological space and the 
interior of a fuzzy set is defined as the largest open fuzzy 
set contained in the fuzzy set and the closure of a fuzzy 
set is defined as the smallest closed fuzzy set containing 
the fuzzy set. The properties of the interior and the clo- 


sure are like those in the usual topological spaces. 


The neighborhood of a fuzzy point in an fts has been 
defined in different manners [4,6,8,12,15,16]. A fuzzy 
set N in an fts (X,7) is called a neighborhood({for short, 
nbd) of fuzzy point x(k) if there is an O in J such that 
a(k)EG OCA. In [12], corresponding to this, authors have 
defined a more reasonable definition by use of a new con- 


cept. We will use it. 


DEFINITION 2.6. A fuzzy point x(k) is said to be quasi- 
coincident with a fuzzy set A, denoted by x(k) q A, if 
k>A'(x) or k+A(x)>1. The quasi-coincident with two 
fuzzy sets A and B, denoted by A q B, means that there 
exists x in X such that A(x)> B(x), or A@ Bota: 


DEFINITION 2.7. A fuzzy set N in an fts (X,7) is called 
a Q-nbd of x(k) if there is an O in J such that x(k) 


q OCN; ac-n beue Smhi Guu bR: 0064 Mridga Pen. 
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It was shown in [10] that ACB iff A and B’ are not 
quasi-coincident ; x(k) is in a fuzzy set A iff LRT is not 
quasi-coincident with A’. From the fact, the substitute for 
the fact that A and A’ do not intersect in general topology 
is the fact that A and A’ are not quasi-coincident in fuzzy 
topology. This means much suitability for definition, 
while in Zadeh’s theory the class of generalized char- 


acteristic fuctions is just a Brouwerian lattice. 


Let (X,7) be an fts and A a fuzzy set in X. It is easy 
to prove that the family Ja={ANU|U € 7} is a fuzzy 
topology on A. Thus we say that the pair (A, 74) is called 
a fuzzy subspace of (X,7). A mapping f of an fts (X,7) 
into an fts (Y, Y) is said to be fuzzy continuous (for 
short, F-continuous) if, for each B in %, f-1(B) is in J. 
We will denote a mapping f an fts (X, 7) into an fts 
CEU a by tend, > (YY). 


PROROSITION 2.8. Let f: (X,7)-(Y, 7) be a mapping. 
Then the following are equivalent: 


(1) f is F-continuous. 

(2) For each Y%-open fuzzy set V, f-1(V) is J-open 
fuzzy set. 

(3) For any nbd V of f(x(k)), there exists a nbd U 
of x(k) such that f(U)CV. 

(4) For each fuzzy point x(k) in X and each Q-nbd V 


of f(x(k)), there exists a Q-nbd U of x(k) such that 
KONEV. 


Proor. We will prove (1)&(4) and leave the remainder 
for readers. 
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Let f(x)=y. Then f(x(k))=y(k) from definitions. 
Since V is a Q-nbd of f(x(k)), there is W in Y such 
that W C Vand W(y)+k>1. Let fF (W)=U. Then U 
is in J and U(x)+k=W(y)+k>1. Thus U is a Q-nbd 
of x(k) and f(U)=ff"(W) c V. The converse is obvious, 


REMARK 2.9. It is easy to prove that the restriction of 
a mapping f of (X,7) to (Y,Y%) and the composition gof 
of f and g is F-continuous if f and g are F-continuous 
and we can get some theorem for complete condition to be 


F-continuous by means of interior, closure and so on. 


DEFINITION 2.10. Let (A, 74) and (B,J) be fuzzy sub- 
spaces of fts’s (X, 7) and (Y, Y), respectively. Then a 
mapping f: (A, 7s) -(B, Ys) is said to be relatively fuzzy 
continuous (for short, RF-continuous) if, for each W in 


Un, FUCW)NA is in Ta. 


PROPOSITION 2.11. Let f: (X, 7)—>(Y,) be fuzzy conti- 
nuous and (A, Ya), (B, Js) fuzzy subspaces, respectively. 
If f(A) C B, then f:(A, 7.) -(B, Ys) is RF-continuous. 


Proor. To apply Proposition 2.8, let a © A and N a Q- 
nbd of f(a) and f(a)=b. Then f(a(k))=0(k). Since N 
is a Q-nbd of f(a(F)), there is a V in Ys such that D(z) 
qVCN, that is, VEN, V(y)+k>1. Since V is in Ya, 
there is an OGY such that V=BNO. Thus f4(V)= 
f '(BUO)=AUF (0). So we have f1(V)E7a because 
f (O)E7 from the F-continuity of f. Let U=f (V). 
Then U is a Q-nbd of a(k) such that f(U)CV. 


DEFINITION Qo l2PubliebohGik Gull dasad bp. 909119 of fts’s 
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(2) T(a,b)<T(c,d) whenever a<c,b<d (monotonicity) 
(3) T(a, b)=T(, a) (symmetric) 
(4) WK DO kG T(b,¢)) (associativity) 


EXAMPLE 3.2. Ty is defined by the boundary conditions 
and Tw(a,b)=0 for each (a,b) in [0,1)x[0,1), min(a, b), 
T,,=max(0,a+b—1) and Prod(a, b)=ab are t-norms. 


REMARK 3.3. The ¢-norms in Example 3.2 hold obviously; 
(1) Ty(4@, b)<T,, (4, b)<Prod(a, b)<min(a@, b) 
(2) For any t-norm T, Ty(a,0)<T(a, b)<min(a, b) 


DEFINITION 3.4. Let X be a universal group and Ga 
fuzzy set in X. Then G is called a fuzzy group in X if, 
for each x,y in X, (i) G(xy)>T (G(x), G(y)) Gi) GL 
>G(x), where T is a t-norm defined. 


PROPOSITION 3.5. G is a fuzzy group in X iff, for every 
zy in X, G(ry")>T(G(z), G(y)). 


Proor. Let G be a fuzzy group in X. Then G(azy')> 
TGT, G(y"))=T (G(x), G(y)) because G(x-!)>G(z) 
for all z in X and from the monotonicity of T. The con- 
verse follows from [13, 5.6] because we can replace min by 
T from Remark 3.3 and is thus omitted. 


PROPOSITION 3.6. Let f be a homomorphism of group X 
into group Y in usual sense G a fuzzy group in Y. Then 
the inverse image PGT of G is a fuzzy group in X. 


Proor. For all x,y in X, applying Proposition 3.5, 
TWST =G6 Fay) =C( f(a) FO) D>TCFE)), 
GC Fy) STG LEA Jb d.aa Collection, Haridwar 
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| REMARK 3.7. Similarly, it can be shown without much 
difficulty that the image f(G) of a fuzzy group G under 
| the homomorphism f(in usual sense) is a fuzzy group. 


PROPOSITION 3.8. Let G be a fuzzy group in a group X 
and e the identity in X. Then G(x7!)=G(z) and G(a)< 
G(e). 


y Proof. G(x)=G((x27!)74) > G(x!) > G(x) for all z in X. 
| The remainders can be shown similary to Proposition 3.5 
| and are thus omitted. 


Kaufmann [7] has introduced the concept of ordinary 
subset of level ¢ of a fuzzy set to decompose a fuzzy set into 
a ordinary set. Lat A be a fuzzy set of X. Then the ordi- 
nary set Az={xEX|A(x) > t} is called a level subset of 
fuzzy set A. He has shown that every fuzzy set can be de- 
composed as products of ordinary susets (i.e., the level 
subsets) and a number in [0,1]. Thus some questions will 


— Ay- 


be arised; what a level subset of a fuzzy group of a uni- 
versal group will be a subgroup of the group? One of the 
answer is, so-called, level subgroup, the level subset 
A,={xEX|t<Ale), t&[0, 1] and e is the identity in X }. It 
can prove that the A; is a subgroup in X; The number of 
such level subgroups in X may depend on ż. Since ¢€[0, 1, 
there can be an infinite number of level subgroups in X 
although X is finite. However it means a contradiction 
because the number of all subsets of a finite group must 
be finite. Thus we have a question: when level subgroups 


of a fuzzy groups are equal each other? 


an oon 


Let G be a fuzzy group X and Gg= {xe X|G(z)=G(e)}. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


IHN CHAE 
104 Gyu 


and X= TI X; the usual set product. Then (X,7) is called 
ier 


the product fts if 7 is the coarsest fuzzy topology on X 
such the projection p; of X onto X; is fuzzy continuous for 


each i € I. The fuzzy topology 7 is called the produc 
fuzzy on X. 


REMARK 2.13. Since the concept of the product fts js 
almost similar to that of the product space in the usual] 
sense. Thus it can be shown that the product fuzzy topo- | 
logy J on X has the fuzzy set of the form p'(U;) asa | 
subbase where U; is in 7;, iI. Therefore, the base for 
J is the form of finite intersection of {p;1(U;)|U,E7;}. 


PROPOSITION 2.14. Let {(X;, 7:)}, S&I, be a family of 
fts’s, (X,7) the product fts and f:(Y,Y)-(X,7) a map- 
pine. Then f is F-continuous iff p;of is F-continuous 


for each 7. 


Proor. Let BET; Then (p;of Bet f-10p;71)(B) is 
in Y. Hence {( f1[p;(B)])|i © I} is a family of -open 
fuzzy set in Y. Since f! preserves union and intersection 
in fuzzy sets as well as in ordinary sets, f is F-continuous, 
The converse is trivial. 


=.) ) 


PROPOSITION 2.15. Let (X,7) be the product fts of. 
LA. T)i=1, 2, --, 2}. Let each A; be fuzzy set in X; and 
A a product fuzzy set in X. Let B be a fuzzy set in 2 
Te G7) andi-5(B57/,) = (Ag ,) e appin. Then iE 
RF-continuous iff Pf is RF-continuous for each i € L 


od A 


Proor. Apply Propositions 2.5, 2.11 and Remark 2. 13. 


PROPOSITION, 2.451 Ddnein AvaindkBarteolléetion parcwes and C the 


8 


Ye 


on 
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product fuzzy set of fts’s (X,7), (Y, Y) and (Z,V) the 
product fts, respectively. Then for each a © X such that 
A(@a)>B(y) for all y in Y, the mapping [i: y>(a,y) of 
(B,Y%») into (C, c) is RF-continuous. 


Proor. We have i(B) C C from the membership function 
of 7(B) and the concept of product fuzzy set. It is shown 
that the identity and constant mappings are F-continuous. 
From this and the F-continuity of composition, we apply 
Proposition 2.14. Let i:y>a and iz:y>y be mappings. 


Then 7=2,07,, Using Proposition, the proof is complete. 


3. Fuzzy groups and Fuzzy topological groups. 


Rosenfield [13] has defined a fuzzy groups to extend 
and to generalize the notion of groups structures, let X be 
a universal group and G a fuzzy set in X with the grade 
of membership G(x) for all + in X. Then G is called a 
fuzzy group in X if, for every x,y in X, (i) Gaye 
min(G(x), G(y)) Gi) G(v?)>G(e). In [1] authors pointed 
out a deficiency in it and gave examples which are groups 
in usual sense, but not fuzzy groups in sense of Rosenfield, 
This means that a fuzzy group may be not a generaliza- 
tion of a groups. To get rid of the default, they have used 
different operator, so called ¢-norm, to define a fuzzy 


group. 
DEFINITION 3.1. A t-norm is a function T: [0,1] x (0, 1 
[0,1] satisfying; for each a, b,c,d in [0,1], 
(1) T(0, 0) =0, T(a,1)=a= T (1, a) (boundary conditions) 
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Then Ge is one of level subgroups in X and for a&X, let 
rı 2-axa and L x—ax denote, respectively, right and 


| 
left translations of X into itself. | 
| 


PROPOSITION 3.9. Let G be a fuzzy group in a group X, 
Then for all a&Ge, r(G)=1,(G)=G. 


Proor: Let a@Ge. Then a!@G¢ since Ge is a subgroup, 
Since G(e)=1 and T(k, 1)=&, 1.(G(x))=G(ra")>T(G(a), 
G(e))=G(x)=G(xza1a)>T(G(xa"), G(e))=G(2ra")=1, 


(G(x)) for all z in X. The proof for 7, is similar to | 


FOS ea 


this. 


We will study properties of fuzzy topological groups(for 
short, ftg) from now on. Foster [5] has defined an ftg by 
means of the fts in sense of Lowen and the fuzzy group 
in sense of Rosenfield. In [11] authors have defined it by 
use of Q-nbd of fuzzy points and showed that their con- 
cept is equivalent to Foster’s. We will apply the defini- 


tions in this note to define an ftg. 


Let X be a universal group and A, B fuzzy sets in X. 
We define AB and A™ by the respective formulas; AB(zx) 
=sup min(A(y), A(z)) and Al(x)=A(x7) for each x in 
x. 


DEFINITION 3.10. Let X be a universal group and (X,7) 
an fts. Let G be a fuzzy group and (G, Jc) a fuzzy sub- 7 
space of (X,7). Then G is called an fig if | 


(i) The mapping g: (z, y)>zxy of (G, Te) X (G, Te) into 
(G, 7e) is RF-continuous. 


(ii) The CBSPR Ei botan Rua kha Bisstidmtoridvself is RF- 


ale En Re) 
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continuous. 


EXAMPLE 3.11. Let X=(R,+) be the usual topological 
group. Let L bea family of all lower semicontinuous fun- 
ctions of X into [0,1]. Then (X, L) is ftg because L is a 
fuzzy topology on X. 


PROPOSITION 3.12. Let X be a universal group and (X, 7) 
an fts. Then a fuzzy group G in X is an ftg iff the map- 
ping f: LE, y)>xy! of (G, 7c)X(G, Je) into (G, 7.) is 


RF-continuous. 


Proor. We can get from Proposition 2.15 that the map- 
ping f is RF-continuous. Since the composition of RF- 
continuous mappings is R#-continuous, the composition 
(x, ¥)> (2, y!)> xy"! is RF-continuous. Conversely, let e 
be the identity in X, then we have G(x)<G(e) for all x 
in X from Proposition 3.8. Let i be a mapping of (G, Te) 
x(G, Ze) such that i:y—>(e, y). Then i is RF-continuous 
from Proposition 2.16 and h:x—2z"! is a composition of r> 
(e, Tep". Hence h is RF-continuous. Similarly, g:(2, y) 


—>(x, NTL AEL NIL is RF-continuous. 


PROPOSITION 3.13. Let X bea topological group. Then 
X isan ftg iff for any Q-nbd W of ab-1(k), there are 
Q-nbds U of a(k) and V of b(k) such that LUV W. 


Proor. It is similar to the proof in general topological 


groups and so is omitted. 
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